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INTROPU’CTION. 


The folloTyng Eieecises ind Examh.es are intended to supply 
a systefbatio course of work for the use of Actuarial Students, 
in practical illustration End application of the prit^iples and 
•formulas laid'^o .'«i ani developed in the Institute op A6tuakies* 
Text-Book, Paets I. and II. » 

The Examples upon Interest and Annmties-Oertain have been 
^arefuUy selected to supplement those printed at the end of the 

't * 

Institute op Aotuaeies’ Text-Book, Part I., and in further 
illustration of the text and demonstrations if ihat work. 

The Examples in Life Contingencies were originally intended 

r 'J 

to be appended to the Institute qp Actuaries' Text-Book, 
Paet II., but "^hiiT insertion ^jwas ultimately found to 'be 
impracticable, owing to the already considerable bulk of that 
treatise. It was also felt that t^e usefulness of such Examples, 
would be greatly kicreased if they wese accompanied by short 
Sdutions and references to the Text-Book. 

TflS^resent itolume has accordingly\een ^undertaken, and is 
now issued upon the sole responsibility of. the joint Authors, 
who have selected thi.> Exercise and prepaid, the Solutions 
here gifen, in the ^ght of their pradtical experience during t^ 
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past six sessions (1883-4 to 1888-9 inclusive) a^ successive 

f 

Lecturers* to Student!^ of the Institute of Actoaiiel upon the 
subjects of the Fart 11. Examination. 

. The Exercises and Examples have been selected from all 
available''sources in Actuarial literature, and large^ from the 
Exandnation Paper! of past years. In a few cases, where a 
practical illustration of some important theorem or demonstra¬ 
tion ^rented in the Text-Book was not readily available, special 

' i' 

Examjples have been prepared to meet the case. 

In so j&onsiderable a body of woii it is hardly probable 
that errors will have been entirely eliminstlJadff^ ihe greatest care 
has, however,* been taken to seeare accuracy; and the Compilers 
desire to express their special indebtedness to Mr. William 
S fiiTH Anderson, A.I.A., aUd Mr. Harry Bkarman, A.I.A., 
both of the G^iesham Life Assurance Society, for valued 
assistance in the i,c%reful examination of thV3 Exercises and 

• C r 

Solutions 5 *.and in the*^ revision of proof-sheets. ‘ 

T. G. A. 

, G. F. H. 

September, 1889. 



NOTES FOE THE STUDENT. 


The Bxbbcises and Examples are arranged in two main J^^ision* 
—Interest and Life Contingencies — correspofliding respectively 

with Parts I. and II. of the Inbtituci «p Actdaries' Text-Bo(jk? 

• • • 

The chapters into which the Exercises arc divided correspond 
throughout with those similarly numbered in the IVxt-Book; 
aijli the Evijm^s contain^ in each chapter ar(^ ffr|;angod, as 
far*as practicable, inThe order in which the subjects, are treated 
and d^vdoped in the corresponding chapter iu the Text-Book. 
At the foot of each page of the Exercises aitd Examples is 
appended a reference to the pages, •later on iu the present 
volume, upon^hich the Solutions of such lllxorcises will be 
found. 


The references, in the Solutions, to figures iu square 
brackets—thus, § [ffi]—^indicate th^ numbered paragniphs in 
the Text-Boo^n^ which the sujjject ^^ealt with in the particular 
Example is treated; and the paragraphs so rCferred to will bo 
found (unless otherwise statod)*in thb cliapter of the Text-Book, 
then under <^B 0 uafeion. Any additionsiiJ hints by way of solution, 
or references to other authorities, arc appended for the guidance 
of the Stu^nt, and the further elucidation of the points raised 
in the sevqpai^xercfBes and Examples. 

Beferences to thf^ Journal of the InsHlute of Actuaries are 
indif^ted by the letters JJ.A. 
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GRADUATED EXERCISES AND EXAMPLES. 
PAffp I. —Iitteeest'(including Annuities'Ceetain). 


Chafteb I.— Interest, AmoVnt^, Present Values, and 

DibcotTnt. 

(1) .—Give the two #ormulas which express intcifst for a fractional 
period, and stateVvhat assumptions are made in. each case, and the 
advantages and disadvantages of ea^ formula. 

(2) .—Write down the formtila idt the amount of intefSSst accrued 

m—1. 

on a sum at the end of tiie-th of a year, at the efEoctive rate of » 

fn 

per annum, and jj^ov.e that such accrued interest is less than the simple 
interest for the same period at the* rate 4 How would you account 
for this P 

(3) .—State clearly the moaning of |jho ■j^rm **force of interest”, 
and obtain a formula exhibiting its relation to the effective rate of 
interest. 

(4) .—Snow tnat tne instantaneous rate equivalent to a ;feajly rate 
of * is approximately equal to the arithmetic mean between the theoretical 
and dbmmerom^iiscount on 1 for a year, thf rate of interest beii^ t. 

(6).—^l^ite down the preseift value of a 'sum due 3, 6, and 9 
months hence. State your reasons for the formulas adopted. 

(6).—Given log«10a=2'3026, show that 1 ypll*|imount to 10, at 
1 per>^t, in 281f years. 

B 

«*l B t to sB» 40.] 
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(7).—Write down expressions for the present value and ^ount of 
1 at thjf en* of n jffears, interest beingr reckoned at the nominal rate of *, 
convertijjlo m times a year. What' do theso expressions nespeetively 
become when j»=qo P 

43).^—Given tables of the functions (1-0125)* and (1-0125) “* for 
in^ral values of w, how would youfemploy them to ascertain (a) the 
amount of^lOO in 10 years, interest being reckoned at the rate of 5 
per-cent per annum, pay^le quarter!^; (fi) the present value of £100 
•due'f^ years hence, interest being reckoned at the rate of 2i per-cent 
per annum, payable iiaif-yearly? 

(9).—State symbolicaljj' difference between discount at simple 

interest, discount at compound Jhterest, and«ijommercial discoant. 

(10) .—Show that 8= ~ . 

(11) .-4 gives B a bill for £a ^lue dt the end of m years, in 
discharge of a bill for £,h due at the end of ^gjppeCT^Tor whal^^m 
should B give a bill due at the end of p years to balance the account P* 


Chapter 11. —astnuities-ueetaiit. 

(i) Interest convertible yearly^ and annuity payable yearly. 

(12) .—^ind the relation bei%een the discount of any sum payable 
n years hence, and the present value of an annuity-certain for n years 
of the same amoust. 

(13) .—An annuity-eertairiiof £729 a year is grafted for 25 years, 
the rate of interest at 5 perlbent. •Calculate the value of such annuity, 
given,log2=-301(fe; log7=‘84510; log3=-477l2; log2952=8-47012; 
log 2953 =3-47026. 

^14).—What sum would have to be deducted from the firijt 
payment of the ^nuuity in the preceding question, if tht first payment 
is made three months hence, the second in fifteen months, <&c.? 

(15) .—Show Sow the several payments of an annuity-certain may. be 
divided ^nto principal and interest, and demonstrate the aiffount 
remaining outstanding at the end df any year is equal •tfi'\he present 
v^ue of an annuity-certain for the remaning term. 

(16) .—Show the amount of purohafee-money of an annuity- 

certain for » years which is unpaid at the end of m years, is egyual to 
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tbe difference between the accumulated amount of the purcbase-nioney 
for m yearsj and tbe accumulated amount of tbe aHhuity ki tl^ same 
time. 

(17) .—^An insurance company lends £50,00(), repayable by an 
annuitj'*certain for 25 yiars. How much capital is unpaid at tlfe 
end of 20 year?, reckoning interesHat 5 per>cent? 

(18) .—In tbe above, case construct a table showing bo^ much of 
each annual instalment of annui% consists of interest, and bow much 
of repayment of capital. 

(19) .—Show how to find tbe amount of each pay^nent of an annuity- 
certain for n years, which is purchased for a sum of V, the purchaser# 
wishing to ifivest his capitaJkat a rate o^ interest i', and to replace that 
capital at a rate of interest i. 

(20) .—Show clearly into what component parts an annuity-certain 

may be divided, and give fhe in^ans of determining how njicb of each 
paj^jpnt goes capital oiiginally invested, in the case where 

•the rate of interest at whiqh that part of each payment, which goes to 
re|iay cj||)ital is invested, is different from the rate of interest realized on 
the oflgin^ investment. 

(21) .—Find the present value 8f a perjjptuity of 1, and hence dedwee 
the ])rcsent value of an annuity-certain for n years. 

(22) .—A lease of the annual value of 1 is granted for m years. 
After it has been n years in force, the lessee# rcfiuires to extend the 
remaining term to m years. How much ought Re to pay? 

(23) .—Given the present value, at rate of interest i, of an annuity 
of 1 deferred d years, investigate a formula to find n, the number of 
years it has to run. 

(24) .—Four^^rsons, A, B, C, and D,'contribute equal sums towards 
the purchase of a perpetuity. Find the number of yg^rs that A, B, and 
C may successively enjoy it, !> having the absolute reversion, so that all 
four may benefit equally. 


l(ii) Awmity payable and iniered convertible at the same period, the 
period being lees them a year. 

(25) .—^flnid the present value and amoimt of to annuityfOertain for 
n years, at a nominal rate off interest of i, convertible m times a 
year. 

(26) .—Prom the above, deduce thOgpreseni; values ana amounts of 

B 2 
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[(Aaf*XX. 


continuous annuities-oertain. Show how a table of the values of-, 

' a 

s being the argument, enables us to calculate s;icb values. 

(27) .—If two annnitics-certain of 1 jicr annum for » years are 
purchased, in one of which the annuity us payable and interest 
convertible yearly, while in the othpr the instalment Is payable and 
inl^est Avertible m times a year, the effectiye rate of inriierest being 
the same in the two cas^, what is tHe relation between the amount of 

Msapitlirrepaid in the rtlk year under the two annuities respectively ? 

(28) .—Give a formula expressing the value of an annuity-certain of 
cl for n years, payable m times a year, in terms of the value of an 

r 4 

annuity-certain of 1 for n years payable j«arly, the nomi^ and the 
effective rates of interest. What does the formula become wheni»»=ioo ? 

(29) .—K a be the nominal rate of interest, the value of a perpetuity 


is equal i:o* -, 


however often intere^ is convertible^ Under ii^hat 

§ 


condition is th(p true, and how would you explam it ? 

(80).—Find the value of sm annuity to run for five years, interest 
and instalment payable half-yearljr, with interest at the nominal i^tc of 
5 ^er-cent, and show the amount of c&pital redeemed in each half-yearly 
payment. 

(31).—The guardians of a poor-law union are desirous of borrowing 
£5,000, the loan to ^be* discharged and the interest paid by an equal 
haif-yearljifharge upon* the rates, eitendiiig over 30 years. Assuming 
5 per-cent interest, find the amount of the half-yearly charge, and draw 
up a schedule showing what portions of each of^the first four payments 
are applicable for the paymcnt,of interest and the discharge of the capital 
account. 


(iii) Annuity pftyable apd in^^resf convertible at periods of 

different duration. 

(32) .-^Write down the formulas for the present value and amount 

of an annuity-certain for n years, instalment payable and interest m 
times a jear, in terms of thti effective rate of interest also of the 

nominal ra^ of interest ae. 

(33) .—Given the formula for the pnesent value of an annuity-certain 
for n years, instahn^t payable and inter«Bt m times a year, show 
bow ilie expression will be modified in the severfd oases where .mas 1, 
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fc=l, «»x=^3b 1, mssoo, k=cOy mssksscOf mssl, kjsstOf hsul, 
9 » = 00 . 

(34).-^nder what differing conditions are the following IbrmtilaB, 
(a), (/8), for "the present value of a continuous annuity-certain for^;! 
years, correctlj stated ? What d^s the formula (y) represent ? 

— n-r-’ (y)-h- 


(S) h 


(85)—A loan of X is to he discharged by an annuify (maae up of 

X ^ 

principal and interest) of payable at the end of each year, the^ 

interest thdireon being at ^per unit per annum, convertible half-yearly. 
Wden trill the debt be extinguished ? 


Chaptee III.—VAETnrG Aenuitiks. 


(36) .—Show that >,stopping at the term involving^®’^. 

(37) .—Find the present value of an annmty-certa^, the first payment 

being 1, the second 1*2, the third 1*4, and so on, increasing *2 each year; 
the last payment being 10. • • 

(38) .—Find the value of an ahnuity-eertaSi for 21 yeti's, the first 
payment of which is 1, and the after-payments of which increase by 
^th each. 


(39) .—Find the value of an annuitv-cartain for n years, the payments 

of which are 1*,%|, 3®, &c. ?• 

(40) .—State a general formula for the value o^ an annuity-certain 

for n years, whose successive p^ments are 143 . . . ; and explain 

how the values of annuities of the Sgura^ niAibers can be employed ip 
determining s^ch values. 

. (41).—^Deduce a formula for the present value of # perpetuity whose 

successive payments are the figurate numbers of the »ith order. 

(,42).—by the method indicated^by Mr. PeteV Gray {J.LA., 
xiv, 91), value of <En annuity to run for 4(p years, the ihocessive 
payments of wliich are 1, 3, 5,_13, 33,. . ., interest being *reekoned at 
6 per-cent. 

(43).—Find the value, at 5 per-ceni|^ of an*aniiuity for 40 years, 
whos# several payments are 55,126, 25§, 484, 837,.. • 
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(44).—Fiod ttie value of ao annuity for 15 years, whose successiTe 
paymefite ase 201,^03, 443, 630, 874,. . . 


ChjlPTej^ IV, 

(i) On t%B determination of the rate^f intereet where the amount of 
capital f€p\iid is the same as that advanced. 

(45) .—An annuity-certain for 100 years is worth 19 years’ purchase; 
'find the rate of interest by ^oripulas (A), (B), (C), (D). 

(46) .—^An annuity-certain for 25 years fs worth 17 yeartf’ purchase; 
find the rate of interest by formulas (I)i) and ( 1 ) 2 )' 

(47) .—Show how to approximate to the rate of interest in an 
annuity-certain in cases where the teriA is loner, and hence deduce the 
rate of interest when a^=27. 

48.—Q-ive at least three formulas for approximating to the rate of^ 
interest in an annuity-certain, affd state which you would select f s likely 
to give the most^satisfactory result without excessive labour. 

(ii) On the determination of the actual rat^ of interest paid by a 

borrower^ where the amount of capital repaid is diffh'ent from 

the amount ad^arped. 

^ €• 

(49).—^iieduee Makeham’s formula for the value, at rate of interest 
£', of a loan bearing interest at rate i, and explain it verbally. What 
are the advantages* of the use <jf this formula ? 

- (56). —A loan of £s is Repayable at par in n^ears, and bears 
interest meanwhile at the rati i. Ifeduce a formula for the amount that 
could be given by a purchaser in order thjit interest at the rate of j may 
be realized upon the amou.it idvesteS. 

(51).—Obtain a formula for the present value of fhe capital redeemed 
in the successive payments of an annuity-certain of 1 for h years. 

(62).—A loan Jis repaid by a sinking fund of p per-cent on the sum 
borrowed; find •'how long it will take to repay the loan^and i' being 
the rateerof interest which tfie borrower pays, and at -ymeh ^he sinking 
fund, is invdfeted, respectively. 

(68).—djt deb«gture, redeemable in vt years, and bearing interest at 
a fixed rate i, is purchased at a premium of ^*per-cent. Show how to 
find approximately the rate of interest i\ realized by the purchasexe 
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(64().—if a bond of 1, repayiible at par in n years, and baring 
interest at the rate i, be purchai^d at the price oPl -^jp, *m that the 
purchaser 4nay realize interest at the rate i' upon his in^stonent, 
with the retuij^ of the capital invested at the end of the term, show that 
the excess interest recei^^ annually [*-“(l+p)«'] must be invested at 
the rate i' to amount to p at the end of the n years. If ^is e;^s8 
interest caif only be invested at the rate j, how will the valine of j?, the ' 
premium to be paid for the bond*be affected ?, 

(55) .—A bond for £1,000, bearing interest at 3 per-cent xov 29 
years, is to be sold. What can a purchaser give fb realize 5 per-cent 
from his investment (a) supposing the jpond to be repayable at par iif 

20 years, ()S) supposing thi bond to be repayable in 20 annual instal- 

• * 

ments.* @iven at 5 per-cent=12 4622. 

(56) .—The tenant in possession of an estate has to pay off a charge 
on the estate in the next *n years, in the following way, vaz.: M being 

M . 

the’S.mount of the chaf‘d, he has to pay back each year —-, and interest 

at thc^te of i on the amount unpaM at the beginning of the year. 
Fin^ the sum for which his payments might be comumted, taking 
interest at the ratey. 

(57) .—A person spe|ids in the lirst year m time^ the interest on his 
property; in the second year, 2m times; in the third year, 3w times, 
and so on; and at the end of 2p years has nothiRg left. Show that in 
the ^th year he spends as much as*he ]jad left jA the end of JiJiat year. 

(58) .—Find the rate of interest in a loan issued at 76 per-cent, with 
interest at 6 per-cent \jpon the nominal amount of the loan, and repay¬ 
ment of the nominal capital by an accumulative sinking fund of 1 
per-cent per amilsn. 


(^HAPTEK VII.—InTEKEST TaBLES. 

(59).—Explain the methods of calculating and verifyii!^ tables of 
present values of sums and annuities-certain. 

1[60).—CaBulate, ^ 5 per-cent, the ]^esent value of 1 dge in any 
number o/years from 1 to 20, and also the present values of annuities- 
certain for any number of year# from 1 to 20, Verifying th^? calculation 
in each case. 

(§1 ).—Show how tables where theaargument is logo? and the tabular 
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resultfi log(l-->^) axkd log(l<f a?) can be made aTidlable for the oalcula- 
tion of^the amount;^ and present values of annuities-oertain. 

(62)^—bidoalate by the tables referred to» in the previrfas example 
the present values and amounts of annuities-oertain for ^ny number of 
yWs from 1 to 10, taking 5 as the rate of interest. 

{63).~State mrd prove the rules for finding from the tabular values 
ana mnoui^s of annuities-certain, the values and amounts 6f the same 
when payable in advance. ^ 

' • 0^ .—^How would you proceed to verify the columns (!+*)», e*, 
«gi, and 0 ^ 1 , in a printed table of such values ? 


MlSCELLAlTEOrS EXAMPLES. 

(66).~dPd6100 share, bearing dividends at 5 per-ce^J^per annum^ in 
June and December, with an annual bonus of jCA ii! fleoember, is bdVght ^ 
. for £130, just after the payment of the December dividend and bonus. 
What is the effective rate of intSrest made upon the investment ^ 

(66) .—In the previous question, what would be the equivalent price 
just previous to the June di’^dend ? 

(67) .—^An assurance fund at the commencement of a year amounts 
to £1,000,000; the income from interest is £45,000, from premiums 
and^other sources £2(^,CI{^, the outgq £170,000. What is the rate of 
interest earficd by the fund 

(a) assuming the fund to increase at a uniform rate through- 
but the yea^; 

(/6) assuming the inbome (excluding intere|^J, and the outgo, 
to be evenly disixibuted through the year P 

(68) .—If £100 amounts to 106'\678^n a year, at a nominal rate of 
inter^t of 6 per-cent: required to find how often interest must be^ 
convertible. 

(69) .—If 2i per-cent Consols are bought for 94, what are ther 
, nominal, effective, fod instantaneous rates of interest P 

(70) .—Show that the preq^nt value of an annuity of/WFor n yesirs, 
at nn^le mterest at itete i is approximately equarto ‘ 
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GRADUATED EXERCISES AlfD EXAMPLE*.. 


Pa.bt 11.-«-Lif£ CoNTiNflKiTciEs (nTCLUDnra Life Annuities and 

Assurances). 


Chapter I.—The Mortality Table. 


(1) .—Explain what is meanifby a Table of Mortality, an^ describe 
its usual and convenient form. 

(2) .—If the experience of a given mortality table indicates that, 
out of 2,000 persons alive at age 30, 29 die befor* attaining age 31, is 
it theoretically correct to say that* the probabiSaty of a porsyn aged 30 

* 29 * 

dying before age 31 = ^ ? 

(3) .—Having given a complete table.of accurately representing 
the probabilities ^ life at all ages, sho^ ^ow, from the deaths taking 
place in one year, to calculate api^roximately the total number living in 
a stationary population, where i^ere is no disturbance from immigration 
or emigration. 




dg 


show that • 




xplain the method of fornfing a table of morta!|ity from 
the death registers of a pl^e, correcting for the 
increase of pbpulation. 

(^) If such ftirrection is diBregarded,a what would be the 
effect upon the resulting Mortality Table ? 



10 


PAEX 11.—JilTB COHtIVOENOlBS. 


{caH9.xi< 


. CH^LPTiia II.— Pbobabilities op Life, 

c 

^ (6).—If denote the |>robahLlity that a person aged as mil live 

« years, and jpjj+r the probability that a pei^on aged (j?+r) will live 
one^ear,^prove that 

»P »—Px X Pas+i X J?aj+2 .j. . . . X^®+»_i. 

•f^).—Show that ^a!+«—.... i). 

(8) .—Supposing a given number of marriages contracted between 
< males aged 80 and females aged 25, find the proportion per-cent of the 
original number who will sur'vive as mairied couples, widowers,,or 
widows, at the end of 10 years, assuming the probability of dying within 

265 237 

10 years at ;fche age of 80 to be , and at the age of 25 to be . 

^ i2t>01 ^ ^Dxl 

(9) .—Find the following probabilities, namgjji, UBSt of twoJSves 

(j?) and (y) o 

(a) both will Ao^, survive n years; 

(^) either or both will survive n years. 

(10).—^Determine (a) the probability that two persons now aged x 
and y will both ^ie in the «th year from thj present time; (^) the 
probability that one only of them will die in that year. 

„(11).—Find the >al^e of and „.i!jrr 

(12) .—<^how that th'e probabyity that (.r) will survive («) years, and 
that (y) will survive («•—!) years {^nPx'^u-\p^ may be expressed in 

either of the formfe n-\Pxj^\.y x px or -- . 

Pv-i 

(13) .—Find the probabi^-ty that one at least of tferee lives (a?), (y) 
(z), will fail between the nth and («+w)th year. 

(14) .—Set down the probabilit^s of* the various contingencies as to 
dealjj;! and survival whicl^ may happen to three lives daring a year 
(disregarding order of survivorship); and prove*the i^^ruth of your 
answer. 

(15) .—Obtaimthe probability that out of three lives (x), (y), (*), 

(a) one at least *will fail in the nth j^ear; 

08) not more than two vfill fail in the nth year*l* 

. (y) the tifree lives will fltiil in the following order; one 
before the nth year, one ih the nth year, one after 
the nth year.v 
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(16) ,—^Pind the probability that at least two lives out of four lives 
will survive a year. Q-ive a general expression for <he probability that 
at least r lites out of m Hvcs will survive n years. 

(17) .—If 4he chance of any one of n persons dying in the course of 
a year be reprinted by p, prove that the chance of exactly r of them 

\n 

dying in tha course of a year will be r- 7 -^=— •^’*(1—^)*“’*. 

|r \n — T « 

L— - 

(18) ,—On the supposition in the previous question, prove tl^the 
most probable number of deaths in the year is the greatest iMcger* 
contained in (m4-1)jP. 

(19) .—What is the probability tbai%ou| of seven individuals of a* 
given age, ftur at least will die in a given time ? 

( 203 .—A number n of persons, all of the same age, are each insured 
for the same sum, £1; thp probability of any one of then^ dying in a 
ye^ being j, s]jgw how to find the probability of the insuraficg company 
sustrffning a given losS” in4he course bf the year, and prove that the sum 
of the products of each possible loss^nto its probability is nq. 

-rTwo offices have each £J.,(500,000 assured: Office (a) by 
100 policies of £10,000 each; C^ce (J3) by 1,000 pdlicies of £1,000 
each. Assuming .all the ages equal, and'ijb© i^te of mortality to be 
2 per-cent per annum, give an expression for the probibility in each case 
that the claims in one year will amount to £30,000 at least. 

(22) .—If p be the probability, that a per^n aged a? will live one 
year, fimd expressions for the following^robabilities:—That^Jht of 1,000 
persons aged a 

(a) jsxactly 20 will die in a jear; 

(j3) mt more than 20 will die ^ a year; 

(y) 20 designated individuals, and no jpore, will die in a 
year; ^ 

(8) 20 designated individuals* at Ibast, will die in a year. 

« 

(23) .—Six persons, A, B, C, D, E, F, ale of the s%me age, the rate 
of mortality at that age being 1 per-cent. What is the prolJability (to 
five decimal places) 

^a) that they will die sn an assigned«order ? 

(J3) that A will die, first, and F last, the remaining order 
not baing fixed ? ^ 

(y) that A will die in the ^st year, and bl the first to die P 
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PAUX n.—£1FE GOE^UrOEKClXS. 


(caMvi. zx, liL 


(24) .—^Define “rate of morfcality” “force of mortality” (/*»), 
“ central deat^-rafB” (m«), and givciCXpreBsions showing approidmatelj 
the relation between these three fnnotions. 

(25) .—^4:ssaming the force of mortality at age x to bec^approximately 


equal to 


^ae—l + dj. 


» show that when the decrements of the mortality 


table are ipcr^ng, fhi<qx, and when decreasing, qx<it-w 

\ d 

IM ).—Show that )ta)=: — T' 

vgj (viJO 

(27).—Prore t?at the two expressions for the force of mortality, 


— i ^ and — log * Z^^are identical 

Igp doc dim 

(28) .—If the force of mortality at age (iP+^) = 

is teie rate <|^ mortality at age x in tern^ of it ? 

♦ 1 /*! 

(29) ."'““Show that 0®-“ t~* X 

t® 0 \ 

(30) .“““Show that 


dx 


U+^»+i) 


, what 


Ch^pteb if I.— Expectatiokb^.of Life. 

(31).—Define (c^ average duration of life, (/S) probable lifetime, 
(y) mean age at death ;^and givq.the value of each in symbols. 

(82).—Given the following mortality table, deduce the average 
duration of life at each age, the average age at d'^^th, and the “ probable 
lifetime ”:— • , 


Age. 

80 

No. L#ring. 

H16 

Age. 

90 

No. Living 
21 • 

81 

97 

91 

16 

82 

78 


12 

m 

64 

m 

9 

84 


94 

7 

85 

51 

95 

6., 

86 

39 

96 

3*^ 

87 

38 

97 

1 

88 

29 

98 

0 

89 

24 




(33)^,—The rate of mortality at each age b^g gi\^, show how to 
construct therefrom a teble of the m&n duration or expeetamon of life. 

(84).-“7Qiv^ a tablfe of mortality, ^ow how to find (o) at what age 
it is most i^baHl % person of a given age Vill die; (/8) how many 
years ^'has an even chance of l^ng. 



a»9«.xB,rr.] 
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(35) «—Show, upon Do Mome's hypothesis, (af that the aveiuge 
duration of life at any age equals the probable aft^Of^etime j (fi) that 
at any i^^the probabilii^ of dying in each of the subsequent y^rs is 
the same; (y) that the force of mortality is equal to the rate of mortality 
at all ages. 

(36) ,—Prcfire that 


(i+^ai)=?»+jp»(l+2'a>+i)+2jP»(l+3'»+*)+ • •. 

(37).—^Pind the curtate expectation of a life (jy) after « yeal^>ap4. 
during the following m years (ninte®)- What correctwn would you apply 
to obtain the expression for the complete expectation during the samso 
term? 

^38),.—Deduce px in terms of kx. Prove that if 
then^a 5 _i=^a!; but that if pa!-j=i>*=Par+i» then %x-i will not be equal 

to I* unless kx^^ | 

w 2 l-px 

4r 

(89).—Show that the average dtjpation of life 


—• S (2'a;"l"3i|g'aj+52[g'»+ . . . . ) 


(40) .—Find an expression ft»r the average ago at death of lx 
persons. 

(41) .—Explain what is meant by the curtate expectation of two 
Joint lives (a?) and (y). Prove that it is equal.,to •> 


Pxy + iPxp + ^Pxy 


Chaptib IV.—Peobabilities Suevitoeship. 

(42) ,—Find the probability that (ir)^will^die in the «th year, (y) 

being alive at the moment of (^)'s death. « * 

(43) .—Shew that the probability of (a?) dying befgre (y) in the «th 
year, when no assumption is made as to the distribution* of deaths 
throughout the year, may be expressed in the form 

2ixh 

(44) .—Find the probability that («) will die befisre (y). 
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PABT II.—I.IPE COSTINGESrClEB. 


COhafat 


(45).—Assummg that the deaths in each year are miiformly dis¬ 
tribute, and supp*sing that two persons (x) ^d (y) both die in the 
same year, prove that the chance of .(.u) dying before (y) is accurately 

(40)T—Show that the probability of a life (x) dying before a life (y) 
rfiay be expressed by the formula 

^a!y~i~N x—i:y —l 

m .—Find the probability of a person aged x dying before one 
aged y, or within t years after. 

(48) .—Find expressions for the following probabilities:— 

f C 

^ 0 ' 

(a) That (y) will be alive t years after the death of (x). 

(yS) That (y) will be alive at the end of the rih year 
succeeding the year of the^death of (x). 

(49) .-s-Find the value of and 


Chaptee V.— Statistical applicattoits op the Mortality Table. 

(60).—Given ^he values of lx and ex at ^very age, show how to 
construct the columns L*, N», Tar, and Yar, and explain generally the 
use§ to which such eofun^s may be applied. 

(51) .-—community propose^ to establish pensions for such of their 

number as attain a certain age, to be provided by equal annual subscrip¬ 
tions payable up |o that age. How would you proceed to find the 
amount of such subscriptions , 

(52) .—A body of men, i%pt of uniform strength by annual entrants 
engaged at age 20$ and superannuated at age 60, are grouped in three 
classes, Gie members in the classes |>ein^ as three in the junior, two in 
the intermediate, and one in the senior. Assuming promotion to go by 
seniority, how can a mortality table be used for finding tfc c average age 
of promotion from one class to another? What causes may be .in 
- operation to vitiaW the results ? 

(53) .—Show that in a stationary population the avejpsge present age 
at any feme is equal to the average expectation of life at^'age 0 and 
upwards. 

(54) .-—In % stationary community there ax? 20& deatibt annually to 
each 10,000 inhabitants. What js the average |ge at death ? 





EXBftCISBS AJTD EXAMflBB. 


IS 


ChAFTER VI.—FoBMUliAS OF, Db MoIVBE, ftoitPEBTZ, *4.ND 
Maeeham, *fob ihe Law op Mortality. 

(55) .—Explain any advantages which would accrue from being able 

to express tlie number living at any age, out of a given numbef bom, as 
a function of the age, and give eif^mples of any formulas th^have been 
suggested for this purpose. • * ^ 

(56) .—If a mortality table were such that the numbers-living formed 
a series in geometrical progression, what would be the nature of the^ 
tables giving the chance dying in yeftr, and the expectation at 
any .age 

(67).—Upon what hypothesis as to the law of mortality is 
Gompertz’s formula based? Prove that if this hypothesis'is assumed, 
the^formula of Gompertz for the number living at a given will be 
.obtained. 

(68,]^.—Upon what modification of (^ompertz’s hypothesis as to the 
law oS mortality is Makeham’s formula based ? Show that by adopting 
this modified hypothesis, the formula «of Makeham for the value of Ig, 
will be obtained. • 

(59) .—Given find the values of log/ar and of /a*. 

(60) .—Given a table of the values of ]ogi|. at all ages, state 
generally how you would proceed to deduce falues for the const&ts 
hf tf, and c, involved in Makeham’s formula, lx=k^ig)^* 


Chaprbe VII.— ^Aknuitibs ajp Assfeances. 

(61).—Find by the Life 'Kible^givei^in the “Text-Book”, taking 
interest at 3 per-cent, the present value of a sum to be received Jjy a 
person aged 1ft prodded he be living at age*21. 

’ . (62).—^Find the value of an annuity on a single hUe, aiid*fdiow how 
the annuity at any age can be expressed in terms of that at the next 
h%h»r age. ^ 

(63).—throve that tfie value of*£l, to be received immediately upon 
the decease gf a person of a jjpven age, is greater than that of £l 
receivable at the expiration of a number of y^s^ certain e^ual to the 
complete expectaldon of life at that age. 
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(64).—^Assum&g tbat the present value of a life amztdty has been 
demonstrated, shoT clearly and logicdly what is the present value of 
payable at the end of ihe year of death, finding equations connecting 
and A«^n terms of v, and a« respectively. ^ 

' (65).—Given the formula l=iaar4-(H^‘)Aa., find an analogous 
expression involving the values of temporary benefits, and thence deduce 
the value^^ <^f a term assurance. 

(66),—Give a verbal interpretatioit of the formulas 


^(a) |»A®—n(H-|»_i%)—(»»* 

(fi) Aa!ij=©--i?ja_iaa. 

(6^).—Prove that the single premium for an assurance Jiayable on a 
life now aged a? years attaining the age of (x+f) or dying previously 

may be expj^sed by the formula show that this is equal 

Mjp—+Da.+^ 


to 


Daf 


(68) .—Describe the construction of the D and N columns for joint 

Uvea proposed ^ Professor de Mbigan, and applied by Dr. i'arr to the 

English Life Table No. 8, and point out in what respects it differs from 

that previously used. 

^ (• 

(69) .—Give formulas for the following, using commutation symbols;— 


(a) Annual prexcoum payable during m years only for an endow- 
*c ment assurance cn (a?) payable at («?+«»+») or previous 
death. 


(/8) Single*premium for a temporarj^ assurance, payable in the 


event of (ar^ dying within n years. 


(y) Annual^ premium for a whole-life assurance on (a?), deferred 
n years, the premium payable (i) for n years, (ii) for 
the whoR of Hfe. 


(70) .—If there be » Uves all of the same age a?, find tke value of an 
annuity on the last survivor. 

(71) .—Find, fli terms of jointJfife annuities, an expression for ibe 

value of an annmty payable only while esactl^ r lived^ut of «t*live8 
survive, • t 

(72) .—^btain the value of an anipiity, payable so long as two at 
least out of th3!ee‘live8 (af)< (y), (ar) are alivei Obtain this value also 
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w 

(73).—Find a formula to express the amount to id!ieh a life-annuity- 
due will, on the average, accumulate at the end of^he year of d^ih, 
supposing each payment^to be invested and accumulated 'at compound 


interest. 


Explain the difference between this value and 


N, 


»-i 




(74) .—Find the value of an annuity on (ar) during the lifetime of 
(y), and fo»# years after the death of (y), if (a?) live so lon^ * 

(75) .—Given a table of anm]pl premiums, show how to construct a 

corresponding table of mortality. * 

(76) .—Obtain the values of a® and Ax upon De Moivre’s hypothesis 
as to the rate of mortality. 

(77) .—Ql^ive an algebraical proof of tilh fdhnula 


and show by argument that the result is correct. 

1^78).—Give»formulas for the value of an endowment, payable 

(a) If (x) survive n fears. 

(jS) If both (a?) and (y) survive « years. 

(y) If either (x) oi (y). survive n years. 

(8) If (x) survive, and (y) dib within n years. 

• • 

(79) .—Investigate formulas for annuities payable until the death of 

• • 

the last survivor of (x) and (y), the jiayments being redu^ to — of 

their former amount (o) at first death, (fi) in the event only of (a?) 
dying before (y). 

(80) .—^Provathat A^—A^—Z (Aj^jAA*) . Does the annual pre¬ 
mium follow the sSme rule ? Prove your answer. 

(81) ,—Find the value of a temporaiy annuity payable for m years 
if (a?) survive, or for n years iif (y)*survije, (^ having died within the 
» years. Assume 4»<m. 

(83).—19fl yea^y rents of an estate belong in shares to four 
sisters, being equally divided at the end of each year amongst'iill of the 
sisters who survive that year, the last survivor taking*the whole for the 
iwt 3f her life^t Find in terms of the single and joint-life wanuities an 
expression iRSr the present value of the interest* of any one of them. 
Write down the general formula* for the same tiling, when the number 
of persons is n. 
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PAST II.—iilFE OOUKKOEirCIIiS. 




CHA^Tsa Vni.—Ck^KvxasTOH Tisi^as foe Single and Annual 

Assubance Fbskiums. 

(88).^— If P repre^ts ttie present value of £1 to be*^ received at the 
end of t^ year in vbich a COTtain status may fail, and Q' the present 
value of £1 per annum to be received during its continuance, prove that 

Pss ‘ +«N»=Da,. 

« (8di).—dive a general formula for the class of benefits the single 
and annual premiums for whiclfoan be derived from Conversion Tables, 
and explain it verbally. 

(85) .—Show how Conversion Tables can be employed in finding the 
single and ^nual premiums for an endowment assurance. 

(86) .—Show how to construct table from which rfiay be fou:^.d'tbe 

annual premium corresponding to ^uy given single premium on a whole 
life assurance. « ^ 

(87) .—Given the values of the single and annual premiums f6r the 
insurance of £1 on a life (a^X find thd rate of interest. 

(88) .—By th^ H“ Tatile, the value of an annuity on a life aged 30 
is 17’1309, and the single premium for an assurance on the life is 
*30^58. Mnd, without referring to any book, the rate of interest at 
which thea^ values are 6alculate^. 

(89) .—The mortaUty by a given table is such that the values of 
annuities at all a^, at the rate of interest f per-cent, are identical with 
those of another table at the of t' per-cent. Will the corresponding 
tables of annual premiums^ also coincide ? Give a reason for your 
answer. 


ChAFTBE IX.—AN N U m E G AND PeEMIUMB FATADLE 'F2AOTIONALLT 

SIHBOUQHOUT THE YbaE. 


(96).—Assuming a uniform distribution ef deaths thypughout the 

year, prove the formula for the value of an annuity payable half-yearly 

* ' e 




tAi^lX,X.j KXEBCIBSS AITS EXAMfXJiS. 




and show that the common approximation (flip+i) agrees the abom 
to two decimal places, but not in th^ third place. 

(91) .—The common rale for finding the vahio of an annnitj |^jahh$ 
half-yearly or quarterly is to add i or | to the value when payable 
yearly. What is the amoiftit of the error ? 

(92) .—Show that the value of^ a life annuity payable m tim^ a year, 

the first payment being made aft^r the interval ^, is approximately 

equal to (aj,+f) whatever value is assigned to m. 

(93) .—Given the formula for converting an annuity payable yearly 
into one payable m times a year, investigate a rule for finding a premium 
payable m titnes a year from*tlie annual premium. 

(94) *.—If P be the annual premium for the insurance of 1 on a life 


.—^State a genera^ formula for the value of an annuity on a 
single life or combination of lives, payable m times a-year, and apply it 
to dcteamine the value of a continuous reversionary annuity to (a?) 
after ^y). * 

(96) .—Find the annual premium for fw half-yearly wmuity on (s) 
deferred n years, the firstpayment of the annuity being made six months 
after the payment of the last premium. 

(97) .—Assuntting the usual correction for •tbe^alue of an annq^ty 
payable quarterly, prove that the valq,e of a ^mporary annuity on a 


(s), show that the half-yearly premium is nearly equal to 


life (a?) payable quarterly for n years is 


N®—Naj+»—•f-Dj.+B 




Chaptee X.— Assubancbs payable at ant otheb Mokent than 
THE End of the Yeab* op 1)eath. 


*(98).—Find the single premium for an assurance on {C life (a?) 
payable at the instant of death. » 

f , • p_^ 

(9§).—IJTiat will thwformula “ X+T when thelmnuity 


is payable (1) half-yearly, (2) wstim^ a year, (8^ wntinuousjj? 

(100).—-Prove that, upin the assumptiona vyiifbrm di^iibution ti 
deaths throughout the year, the value tof m insunm(lb payid^le at the 



iPilur <K}iM«iirox3E8. 


*- m' 



il e^iata , sJx]^^ iU» ia « 

tbe y«^ of A«^. 

(l’0!2).-><Ol3t^ an ^xprrasi^^ ^ tlie i^ildb of the force of inoftaUtj 
in tennejil ^ ej^eela^ieas i3i Me. 


CsAliTiB Xl.—^^ice^x AiraroiTiEs. 


an exj^Bsion for the yalue of a continuous anntuiy en 
% aged a*, and Whence deduct a formula f^r the value of itg . 

(10^.—is the nature of the error involved in the appeoxifnate 
fcnmitda ica’^the value of a complete annuity payable yearly— 

d#=o*+tAa!(l+»)^ P 

« ^ 

Bedsoe a more correct expressioi^ on the assumption of a uniform 
distrihul^on of d^ths, and thence obtain an approximate valn^ for the 
amount of the e|Tor involved in the above formula. 

(10$).—^What addition should h# made to the value of a curtate 
annui^ payable jjearly (o**) to obtain the value of, a complete annuity 
j»yable half-yearly (d®) ? * 


^106).—G-iven tl« fovmula for a complete annuity payable m times 
a year • 


« 


obtain an exptesnon for the va]pe of (ei^g^)» a complete^annuity desired 
t years, and paiyahle ^pmrttrly during the joint existence of (ar), (y), 
and (z). 


*»+• 


OsAPTKi ni.<--J<»drf-Li3rii AinnrxsiiB. 


(d08).—-State 8ome*o£ tlitimetimdl which have been sug^Bted for the 
of. Wliid M; an annui^ on Guee Juint Btip. 
Iw Uhefy.to give tSe satis&stcuy lioi^ 






il0d},^:*Shov Mi«t if tiie v^h$ ot aa 4^ait% j)ipi ^ but 

aitrviTar. of tbm Uyos, («), (^| (it)t a|>|irdlSQlate^ 0^^ Idi 

0j5+»5—«S5- •' ^ 

‘' (ll<)).-«^h««ir that, if Gompertz’s fomala ligssk^f)^ be asettmed, ^6 
pfobabQitj of two joint (^) and (y) sorriTing n yean it 
with the prolmbility of a tingle life (to) tuTnying the Sko^e period, 
where c»=^+c». 

(111) .—Show that, if where ^ y, and e are oonstantt 

independent of x and t, the probabilities of life of n jdnt ifVliP 

or, y^ t,.. are identical, for all values of wiih the probabilities of 

life of » joint lives of a uniform age to, wjiere .* 

(112) .—Prove that, updh Makeham^s hypothesis as to the law of 
mortality Za,=l:«*(y)*>*, the value of an annuity on m joint lives s?, y, 

it,.. calculated at the rate of interest i, is equal to value of an 

annuity pn m joint lives of a Uniform age to, calculated wk ^ rate of 

intei^ s', where i'a= 

gm—i 

(113) .—How may the relation sbostn in the previous example be 
piac&cally applied in the approximate calculation of *the value of an 
annuity on three lives at a rate of interest of 3 per>oent, by means of 
tables of the values'of annuities on two joint lives, qfdculated at 3, 3^, 
and 4 per>cent ? 


Chawee XIII.—Contiugent, ob Suevivobship, AssvBAirasB. 


(114).—^Pro^ the formula for a contihg|nt 


assurance 



•What supposition ^ made, in obtaining this formula, as to the d<^t^8 
' which take in the course of miy y^r T 

*(lld).~<-Fmd the value of an assurance tlra of (jr)- j^rovidM he 
dSe after (y). which of the two lii^ wouH ^ medbaP 
examination be requiredif 

(lld).-^ind the sii^^ premil^ for ah assurance lor is years Of I 
oh the laUare ci a Ufa aged #, pffovided tha4 anolber aged y ihrviie hib. 

' < (117).--‘Wwte ddWn,1u oouunutatleh symbol#, {he sh>||e; 
for a^rtlvorsblp asfpiimce, mdng Ptoieisor de K^rigsa*a»:iih^ 






’9^ 





<!«c)|(ifi^|Mi)a|^ ■'i^ eoliunns, aztd «iso 

i»W. 

om&^te D aM N coliitxins for taaKlo a&4 |oini 

ail«&4’fi4»$e fi)id {«A^j„ )«A«J, |^ii|y and 

|(l^)^-«~l1t!^ £cw an a^»um^p4fll^ 

i(«) id|li%JBt i^e'Mxae dc (y), or wil^bib t ymn from 

ito doa^ qC ^' . 

(j[^8l^:t»*»-Ho!ar would^^ron A|ipro3dmiillo io tl»e annual premium for an 

MQfffkaioa ^jra^ mi death of a pmeon aged 48, in the event of his 

i^ore anrvivor of two persotie aged respectively 76 and 70, or 

Sidtlih^oiBo yoar^olt^ file of such survivor ? 

, a fcmnida for tfee minual p^miuin to assurS a payment 

the ^e of («+«t) or at previous death, provided (y) be 

liviBg i^olt^r case; and shovr how it can be adapted for the use of the 

vdtteot^puhEted m the Institute Life Tables. * 

* • 
(122).**-Show how to find the sinple premiuju for an assurance payable 

on the death of B aged y, provided f e die after A aged a, and before C 

Ig^ ev . If the premium is to bd'paid annually until the risk detdfmines, 

by what annuity cwould you divide the single -premium ? 

(1^)^—^Determine A^'^^^the present value of £1 payable upon (^e) 

fuling either the firrst or last of three lives (a),,(y), and (z). 

(124).—Show that^Aj„=/iicda!y-~ > and hence deduce the approai- 

mate e^)r8i;|ion for the Value of (the annual premium corresponding to 

this sii^ premium Ai„, nmnely, i - . 

(ixptrj- 


OHsii&a lEIV.—KjBvjSEaioirAsT AinnjiTiiiB. 
(126)..-SW •«’ • • 

t ' ‘ ^ ' ' * 

>(l^)v^|%ad the am annuity fox.sudi portion of a tmm of i 

fetOM eerfrin frmn the present time as will remain after the death of a 
perwm ag«d s?, the tlrst .parent to be mlsde; &\ the mi of the year Aii 

. !^(W)4M<^voanjexpi^^^ the annual premium for a eohiing^ 

Sj and to ooatinueCsiis^ 
y and a, ht liyii^r 



,||f' 

_ ,;(1,28)-,—An wmuity <m ite ot■;#«!««!, 

i^peoiiTelj y, «nd «, is to be ^njoy^ bj A 9^^ 

Ids deoeiute it is to be divided equally be'Nveeit |^.0 4c^g 
joint lives, iuad the survivor of them is ^ J»ve, ti|)e J^bole. Ah 

eoi^ression for the value ol^B’s interest. ;’>v / 

(129) .—A sum S is appHed in the pureluvie of ah minmiy^oa tibrene 
lives aged (a)^ (y), (z); the annual payment being A -whUie aU three 
are alive, |A while two are alive, 4nd |A whUe oqe is alive. ]Rnd A. 

(130) .—^Required the single and annual premiums for an amtSffej* 
payable to the last survivor of (se) and (y), to commence at first death 
if within n years; or at the end of » year|, if both be then livings 

(131) .—Find single and tlnnual premiums for an annuity of 1 during 

the term which may remain between the period of y’s death and that of 
a? completing the age (a?+»). ^ 

(132) .—Find the value*of an annuity on (a?), to oomrtehoe at ^e 
deatitiof -{y) and to continue payabl^ till the end of t years from hovr, 
and as much longer as (x) may liveA 

(188).—Find the value of an annuity on a life aged y, tlw first 
payment to be made at the end of the year of death of ^a person aged ar, 
but the annuity to continue for* t years.certain whether (y) survive 
or not. 

(134).—Find in a convenient form for computation the single and 
annual premiums for an annuity to commencej)n*the death of (y)jaBd 
continue payable during the remain^r of the life of (a?^ b^t to be 
payable only if (y) dies within t years. 

(185).—^There are two expressions for the value of a reversionary 
annuity to (a:) ^ter (y), namely:— 


S»*(np»-»jPjEf) imd So”(1+ aji+n) 

vx ^ 

Give an algebraical demonstration that tb#se a^e identical 
(136).—How wqpld you proceed to obtain the v^ue of a mersion^ 
annuity to (8^ after (b) in fAie case where the two Uvqji are now lesidrat 
in* India, but (a) has the intention of living in Enghmd eit# the ^tealh 
of (5)? ^ 

(jSST).'—/a) Pltoveth%t;(fl*—Ojy):(A^—f):#. 

(dearly ki w^t respects the assumj|ti^nn invol^ef in the ocdinnry formula 
ftoT a- roi^ionary annuity too(:a;) AEter < the‘death of (y), namely, 
<(o«^ays), do not agreS wi^ the; OoDid^ons pf*prao|a(^ and give 
jwtnylu, ' 
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(1S$).—^Th© formula («»—has been given for the value 
of a h^lf-yearly re^rsionary annuity payable during the life of (ip) after 
the de^>h of (y). On what assumption is tMs solution approximately 
correct P 

f . 0 ^ 

(189).—^Deduce a formula for the value of a complete annuity to («), 
payable ift times a year, to be entered upon at the moment of the death 

of (y)f =fe- 


CiiAPTEE XV.—Compound Suevivoesuip Annuities and 

Assueances. 

(140) .—rind the present value of an annpity on a life (a?) after the 
failure off tfile joint existence of (y) and (^) provided that event ^^;ake 
place by the death of (z ). 

(141) .—Show that, upon Gompfertz’s hypothesis as to the law of 

mortality, the relation is accurately true. 

(142) .—Find “the value of a conting‘‘nt life interest for the lives of (a:) 
and (y) and the survivor, after the death of («), subject to the condition 
that (j?) shall survive (z). 

(143) .—Investigate a formula for the single premium for an assurance 

pay&ble on the death of<(ip) if he die thiid of the three lives, (a?), (y), 

and («), (I)'having died first. ('A®^,). 

1 


Chapiee XVI.— CommutAiion Columns, and theie Application 
TO VAETiNd Benefits, and to^Retuens of Peemium. 


(l44).—Explain a commutation table, and thi relations of the 
columns to each other. Why is it called a commutation table? In 
wbat way does th^ N of the English Life Table differ from Davies’s N ? 
—Given only the D and N columns, show how to deduce all the 
•a them. 


—The value of a deferred annjjity is Explain fully the 

^ D® 

of the cjpre^sion - jj— ^ 
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EXERCISES AND EXAHDDSS. 


(147) .*—Having given a,, and the value of the annuitf on (a?) com¬ 
mencing at h payable at the end of the first year, sued increasing h per 
annum; find the value of the corresponding assurance commencing at h 
if death occur'in the first jear, and increasing h per annum. 

(148) .—Pin^ the present value of an annuity on (a?) payable half- 
yearly, commencing at £1, the payments to be doubled every IP years. 

(149) .—Investigate a formula for the annual premium for A assurance 
on the life of (a?) which is to be*l, 2, 3,... » psunds, according as the 
death of (a?) shall take place in the 1, 2, 3,. .. nth. year, and to remain 
constant at the last-named amount during the remainder of life, (a) for 
a premium payable n times if (a?) live so long,, (^) for a premium payable 
throughout life. 

(150) . —State a formula for the net annual premium for an assurance 
on a life (a?) commencing ^ith 1 and decreasing ‘06 every ysar until its 
extinction at the end of 20 years; the premium being llso reduced 
by -/^h of its original amount each l/'ear. 

(151) .—Explain the method of calculating a table of ascending 
premimlis, giving the proper formulas. What precaution must always 
be observed in practice with regarj^ to the magnitude of’these premiums, 
and how would you fix the premium to be'cbarged during the first term 
of years? 

(152) .—Deduce a general formula (in terms of the commutation 

columns) for the value of an annuity on a life (a), whose successive 
payments are «o» ni, &q . 

(153) .—Find the annual premium for a deferred annuity on (a?) to 
commence n years hendle, it being stipulated that if ^(ir) die before the 
annuity commemees, the net premiumaipaid are to be returned with 
compound interest. 

(154) .—Show in the previous question that if th« rate of interest at 
which the premiums are calculated v the gamers that at which they are 


uocumulated, say *,ithcn the not annual premium = r, — ” , . 

ir • ( 1 - 1 -*) —1 

■•(155).—Prove that the single premium for an assurance of 1 on the 
life of X, with the return of the premium along with the sum assured, isa*.. 
equsfl to the annual premium to secure a, perpetuity of 1 per^ annum, 
of which tftfe first payment is made at the end‘of the year in which x 
shall die. 

(166).—Find the net aflnual premium for an as^urtnee of 1 payable at 
the end of (*»+») years if (x) be then living, or at%i8 death if that 
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happen after m years but before (m+n) years: it being stipulated that 
if (:r)»die wii^in years all the office premiums are to be returned 
except the first. 

j (157).—Find the net annual premium for an assurance on (s) of 1, 
with return of all the office premiums paid, the premium^ being payable 
for t yeays only. ^ 

(158).—*Find the annual premium payable for n years for an assurance 
on the life of (^), with return of the excess of the limited premium over 
fE?ordinaiy whole of life rate (pure premiums only) in the event of 
death occurring in the first n years. 

*" (159).—A survivorship annjiity of 100 payable half-yearly till death 
on (26) after (82) is to be paid for by an annual premium, returnable 
if (26) die l)efore (32). Eequired the annual premium which sl^ll give 
to tlie grantor a profit of 15 per-cent, the rat^s of mortality and interest 
being assqnAd as Carlisle 4 per-cent. 

(160).—Find the single premiun| for an anpuity to (4?) after (y^J with 
the condition that the premium be returned if (4?) die before (y). 


Omapteb XVII. —Successive Lives. 

(161) .—Show that the value of 1 to be received on the failure of the 
successive fS^'es se and y is Aj, x . When is the second life supposed 
to be nominated ? 

(162) .—An estate is held for a single life, renewable for single lives 
successively, by payment of a ffiie of £1 at the end of ttie year in which 
the life in nomination fails: assuming that the present life is now aged a, 
and that the succd^ing lives are all nominated at the age y, find the 
present value of all the fi^jes tq perpetuity. 

(183).—A copyhold estate is held on three liyes aged severally, 
61, 60, and 45, e^h reuewaMe at the end of the year in Which it drops 
by a life Of 7 years of age on payment of a fine of £5. Give an 
-a-expression for the'present value of all the fines for ever. 

‘ V— A perpetual annuity is to be enjoyed^, first by a person aged x 
fe, afterwards'by a sucee88or*to be appointed at his death, and 
second life fails, by a third to be then appointed, and so on. 
liie preseT^l value of the annuity*for the firfet n successive 
• ages befng all differentt 
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EXERCISES AJTD EXAMPLES. 


(166).—Investigate an expression for the value of tbenthpriesentatiiH:! 
to a living. 

(166).—^Find the valuto of the second, and every third suqpeeding 
presentation to a living, assuming all the nominees to be of the samg 
ago on presentation. 


CHAPTEjft XVIII.— Policy-Values. 


(167.)—Show that the values of policie,p which have been n years in* 
force are equal to the accumulated premiums less the accumulated 
claims. * 

(168) .— If lx persons edch buy an endowment at an annu£|) premium, 
show that the total amount whit'h will be paid to the survi sors is made 
up ofe^ari accumulation oj; (a) the ,|premiums paid by the survivors; 
(/8) the premiums jmid by those that die. 

(169) ?—Find the value of a policy in 'terms of (a) annual premiums 

and rate of interest; ()8) annuity and annual premiimis; (y) single 
premiums at entry and at valuation. • 

(170) .—Explain undey what conditions «Va,<m_i¥a.+i and give an 
example from some known table of mortality where the anomaly occurs. 

(171) .—Give a verbal interpretation of the eSpression 

(P;B + c?) (1 + Oaf+ ») ^ »Vj*= 1 . 


state what this becomoe when the premiums are pa^^able for a limited 
number of years, 

(172) ,—If Pj, denote the annual premiuA for a whole-life insurance, 
Pa,»| the annual premium for a term insurance for n years, and Pa;nj the 
annual premium for an endowm(?nt j^yable at the end of n years, prove 
that the value of a policy effected at the age sc which has been n yea^ i» 

force may be expressed by the formula «Va, = —*—. 

Piwl 

(173) .—If a whole-life policy be valued by the “hypothetical” or 

“ re-assuran^ ” method, %how under what circumstanees the rest?yve will 
be (o) greater than, (j3) less than, \y) equal to tke policy-value by the 
ordinary net-premium method. * 

(174) .—Given two mortality tables, how wcyil^ you proceed to 
ascertain within what limits as to ent?y-age and duration the policy- 
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values brought out by the one table are greater or less than those 
brou^t out by thS other table? o 

(17^.—Prove that, if the annuity-valuesby two several tables of 
inortality are in the relation aV—(l+x)aa., where k is {('constant, then 
the policy-values by the two tables will ^e equal for all ages and 
durationi. What will be the relation between the probabilities of living 
a year at asy age tv (jp») by the two tables ? 

(176) .—In two mortality tables, *(A) and (B), the probability of 

iiving a year by the latter table is throughout less in a constant ratio 
than by the former. What relation will exist between the policy-values 
by the two tables ? ^ ^ 

(177) .—If the rate of mortality in one *table be throug'hout greater 

than that in another table, should you expect the values of-policies 
obtained in, the ordinary way from the first table to be greater or less 
than thoso obtained from the second ? ' State your reasons. ^ 

(178) .—Given a table of policy-yalues {nXtr) for all integral values of 
X and », how would you proceed to ascertain the value of a whole-life 


policy, eflEected by yearly premiums at age x, after a duration of f «*> f — 
years? („+iVa,). 


(179) .—Whattnodification should be intro(3,uced in the usual formula 

SAa.+»—SPa !(3 *f ffaf+«) for Valuing a group of policies eflFectcd n years 
agq.with yearly premiujUs at age x, in the case where, from an unequal 
distributioi% of premiu^ inconie, it is ascertained that the yearly 
payments next falling due will, on the average, be payable 7i months 
hence ? , » 

(180) .—Show to what extftjj; the payment of claimc by an assurance 
company immediately on ^oof, instead of at the end of the year of 
death, affects (a) the liability under the sum assured, (/S) the asset in 
respect of the annual premuims; ^nd 'state what additional reserve is 
necessary in each ease. 

(181) .—Prove that the, value, after n years,* of a«.,endowment- 
assur.ance policy effected on a life (x), payable at (x-^n+m) or previous 
death, may be expressed by either of the following formulas:— 


Pa'+it:m] “ P* 


j:+«; 


;viil + d 


Aj; 


*+»;»» 




1 A*;m4.»i| 


— A poly ihe reirospective method t(k«the valuation of an endow- 
icy etfe^tcd n years ago at age x^ payable at age ( 4 ;+«+«*), 
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EXEBCISES ASH EXAVBLSS. 


m 


with the condition that the whole of the office piftmiums are to be 
returned in the event of the life failing during 'flie iterm of the endow¬ 
ment, and prove the identity of the expression thus obtained witL that 
which would J^e arrived at by valuing separately the future benefit 
assured, and the future ne^^-premium payments. ’ 

(183).—ShoV that the value of an endowment policy taken out at 
age ar, payable in n years; is, after it has been f years in force, * 

$ j 

Pil‘ 


(184).—Show that the amount of a fiee pr “paid-up” policy whicff 
may be given in exchange lor a whole-life assurance efEeeted on a life 


(s), after n years’ duration, is 




and give a verbal 


inte^retation of this expression. 

(185) .—In a society consisting (|f n members, 1 is payable at the 
death of each member by the survivors. Find an approximate expression 
for the'J)resent value of the future payments. 

(186) .—How would you proceed to value as for the 19 May 1877 
a policy dated 19 August 1818 for £100 on a life then aged 41, at a 
premium of £2. 5«. 2d, for the first seven years, £8. 9s. 9d. for the 
second seven years, and £4. 14s. 4id. for the remainder of life ? 

(187) .—The values of all the policies in an b|dce at the beginning of 

any year and the premiums for that year, botlf accumulate^ at interest 
for one year, are equal to the claims of the year and the values of the 
policies at the end of *the year. Under what condiitio^^s ; 

and show what modifications would be ^dquirod on the assumption that 
the premiums are payable throughout the j^ar ? 


Ci^TEB*XIX.—L ife Interests and Reversions. 

(188) .—Investigate a formula for the market valufi of a life interest, 

in a ^term annuity. ^ 

(189) .—^liive the formula for Ihe value of adife interest ot^ £s per 
annum, and state for what arqount the life policy shall be efEeeted. 
What is the value of sush policy to the purchaser of the life interest, 
after the expiration of t years ? 
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(190) .—If a'x I'epresent the value of a life-interest secured by an 
assurance effected atf; a given annual premium, show that at the expiration 
of « yeare the Value of the policy (i.e., the valuorof the sum assured minus 

tjie value of the premiums payable) is sfl — Where S denotes 

the amount of the assurance; and further, that this expression resolves 
itself into (a'x 

(191) .—A common formula for the value of a reversionary life- 
in^Mcest is 

1 —(Pj+ <^) (l + «.Ty) 

Paj + fl? 

If £1 is advanced in consideration of a reversionary charge so calculated, 
set out the theoretical sum assured, the theoretical cost of the Unnuity 
purchased, a?id the value of the charge at death of (y) cojipled with the 
policy. •* 

(192) .—Find a formula for the ^talue of a ss versionary life-inteffest so 
as to return one rate of interest while the life-interest is in reversion, 
and another rate when it is in possession. 

(193) .—A, aged a?, is entitled to a reversionary life interest contingent 
on his surviving (y) and (a?), tind neither leaving issue. Give the formula 
for valuing A’s in9erest, allowing for a single whole-world premium of m 
l>er-cent, and a single issue premium of n per-cent. 

(J 94).—A, aged a?, is entitled to a sum S provided he survive B, aged y. 
Find the afiiount which a purchaser could give for the reversion. 


Chaptee IX. —Sickness Benefits. 

(195).—In a given community thp ratb of sickness (average number of 
weeds’ sickness per annum) at each ago, =:A + B$'a!, where g’a,=the 

rate of mortality at age a?.« Express the value of *the sisJ'ness benefit 
ceasing at age 70. 

iti tfvvo sickness tables, (A) and (B), the rates of sickness 
hroughout identic^, while the probabilities of life at each age 
iitible (B) are less than ithose instable (A) fti the ratio 
what relation will hold \»etween the values of the sickness 
'idor the two tables? 

-df tlv> law of sickness be such that at any age two are 
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constantly sick for one that dies, show that the sin^^ premiam for 1a 
sick allowance of 10«. per week at age to cease at rge 65, is 

52-18 

'h 

(198) .—Giv^fn a table showing at each age the number living (?«) 
and the average number of weeks’ sickness (afa,), how would you proceed 
to deduce the present value of a siik allowance of 1 per week (a) payable 
throughout life, (y3) payable up to age 70, (y) to commence at agc*SO» 
and continue throughout the remainder of life ? 

(199) —How would the formula for the present value, at age a?, of 
sick allowarce throughout -ilife, be modified? in the case where it is 
assumed^ that a member will be permanently on the sick list after 
age 70? 

(200) .—A friendly socStety grants the following bei^fits to its 
members: (a) a sum of £10 at death; (fi) a weekly allowance of £1 
during the first six months' sickness, 10s. during the second six months’ 
sickness^ and 5s. during subsequent s\pkness up to age 70; (y) a 
permanent allowance of the minimum sickness rate from age 70 until 
death. State a formula for the wtt^kly contribution necessary to provide 
the above benefits at .age a?, and for the reserVtes which should be in band 
after n years, assuming that 30 per-cent of the weekly contribution is 
absorbed in expenses. 


ChAPTEK XXI.—CONSTBUCTIOBT OP TiBLES. 

(201) .—Give a practical method of forming a table of the values of 

iogi(p.-.^-l)(p;Hi). 

(202) .—Give a method of calculating the D and N columns by ^ 
continued pra«ess. 

•(203).—What, in your opinion, would be the best way, 4U! regards 
speed and accuracy, to construct a table of the values of annuities, having 
giveiF the usualcolumn of a life table? Jf you are acquainted with 
more than dfee method of constructing the annuity table, what do you 
consider to be the special advantages of each P 

(204).—Give De Moi^re’s method of calculating the values of 
annuities, and show the applicability of Gauss’s lo^ritl mic tables. 
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(205) .—Explain the formula 

B=»7r^- 4- 

f 

and apply it to the construetion of a reversion to £1 upoii the decease of 
a single life. *' 

(206) .—What conditions must the benefits fulfil to which the 

demonstratjion of the above formula applies, and in regard to which it 
subsists ? o 

• —Given a complete table of values of deferred annuities (wIo») 

and of temporary annuities (iwa*), for all values of x and n, how would 
«you proceed to verify the results ? 

(208) .—Describe how to coristruct a tabic of policy-values of whole- 

term assurances. » 

(209) .—Prove the formula }»Va!=1 —(ttj.+ f^) (1 + «*+»)»and point out 
its advantages in calculating a table of policy-values. 

(210) .—Show how to construc| by a continued method tafcffis of 

policy-values of endowment assurances. What precautions would you 
take to check the results ? * < 

(211) .—Sho\^ how by a continued process to construct commutation 
columns for survivorship assurances. 

(212) .—^Deducf a formula for the continued construction of a table of 
single premiums for survivorship assurances on (ar) against (y). 

^213).—Describe^at length a method of calculating a complete table 
of last-surjuvor annuities. 

Nr 

(214) .—Explain how you would construct tables of the values of 

fix and A.X * ^ 

(215) .—Show how to construct a table of premiums/or tlic as.suraneo 
of 1 for the tenn of one ye^ by a continued process. 


ChAPTEB XXII.—FdBMULAS OF PlNITE DlFFEEESTCES. 

,1 

(216).—If be any Imnction of a? of « dimensions, prove that 

t 4* 

■ j constant- and hence show how to form a table of cubes of 
•il numbers expeditiously. 

Prove that j«. 

I'Ind A»rt-'*^,^when x is variable, the increment of x being unity. 
P.v means of the formula 

A’’^0»=w { A^~'0»~* + }, 





Ohli^ X3C1Z.] 


EX£aCIS£S A.ND EXAMPLES. 


or Otherwise, form a table of the differences of the ^wers of nothings, 
as far as 

(220) .—Investigate tha expressions 

(a) fbr Ux+n in terms of ^Ug., &c. 

(fi) for A“mj. in terms of Ux and its successive values. 

(221) .—^ow that 

n •«(»—1) / 

tX^Ux — “^x+n — -j~2 a””. 


Hence show that, second differences being constant, 

^*^J! + 2‘*'2AMa;+l 4" £SUx — ^^ 

(2*22)*:—If A3e=a, and ^Ux=Ux+a~Ux, prove that 


n ^ 

itx+n — ^x'i — ^1fx~h 
a 


?^(»#-^) «(n-ffl)(w>-2a) 

2«2 2'.3«3 ■ 


A®*4H-&c, 


(223) .—Obtain a formula for expressing Ux+m in terms of Ux and the 
successive finite differences Aw^;, A^Wa,, &e. If u\=-4i, «2=30, »3=120, 
«4=39!0, 1^5=780, and ^*ux is constant, find an algebre-ical expression 
for Ux- 

(224) .—Express «a,+i in terms of Ux and it*s successiji^e differences. 

(225) .— (a) Given (« + !) consecutive equidistant values, «o» wa, 

«2A, ... M«A, of w.r, which is a r^iohal integral algel^iic 
function of x of degree «, find* the generaivexpression 
for ttj; . 

{ft) When ttx is an expression of the 4th* degree in x, and 
xuo—O, A%=1, A‘%o=1^T A*Wo=36, A%o= 24, find Uxt 
the increment of x corresj^onding to the A differences 
l)eing A, so that «a,+A—w«=A«3.. 

(226) .—In the series a?*, (a7+*/«)®,^a?+2^)®, ^+3hy, (x+^Ay, . . ., 
let Ux represent the first term, and h be written Aa?, and show Jhaf 
(a?+w)®, wheec » is a multiple of A, is equal*to 


n Awa? »(«—A) Ahix n(n—A)(n—2A) 

+ il • V + -I- • (AS? +- J 

n^—A)(n—2A)(n—B^ A*Ux 


\4> 


(Axy 


n(n—A){n—2Af(n—ZA)(n~-4iA) ANtx 


Ahlx 

{Axy 
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3i 

If As be mft^ infinitely small, the value of n remaining unaltered, 
what ^oes this exjjfession become ? 

(^27p.—Express the second difference of the product of two functions 
in terms of the separate functions and tlieir respective 4iffevences, that 
is, show that 

if 

= UjfA^Vx + 2AUjr{Avx +A“Pj.) + A^ifxO’x+2 Avx^ A®rj.), 

w 

and by means of the result, find A^(s^ogs), 

*<<^28).—If Ux be a function of s of the form + 

inf.y show that it can also be expressed in the form 

h\X 

\-x (T-^^ . 

(three orders of differences will suffice). 

(229).—Show that 

I 

+A*««_2+A%„_3+i^*j^«_4+ . . . + A“~^i} + 

and hence determine a series of such a nature that the terms after the 
first shall be respectively double the first terms' of the successive grders 
of differences (iii=2A^Ui, « 3 = 2 A 2 «i, and so on). 


CliAPTBB XXIII.—iNTEBPOL.VTlOlf. 

t 

(230) .—Investigate an expression for A»?^,. in terms of y.,. .and its 
successive values. Using the formula thus found, if in the series 1, C, 
21, 56, K, 252, 462, &c., the sheth diff(‘rences vanish, find k, and tli(‘ sum 
of the series to 10 terms. '' 

(231) .—Given Wj, Ui, Wj, Vn, yj, and 1 / 5 , and assuming fifth differences 
to be constant, show that 

0 25(<?—&)4-3(a—e) 

^ “«=2 +- -258 - 

«o-l-«5> i=«l+«4. C=e42+«3- 

Given «o=100,000, «4=98,391, M 5 = 9 S, 011 , y6=97,615, 
^!!>' series from MiotoWjs, cssuming that third differences are 

- If «o=100,(XJO, tt;=97,624, y8=97,245, and m»= 96,779, find 

fir 

ti Ir.sivo by means of coristant third differences. 
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EXEBCISES AND EXAMPLES. 


85 


■The H** 

premium at age 40 is at 3 

per-cents= -020891 

5? 

JT • 99 

H 

„ • = 024654 

99 

* 99 99 

4 

„ =-02351'5 

99 

99 99 


„ =-022470 

99 

* 

99 99 

5 

„ =-021509 

99 

J99 J> 

6 

„ =-0198Jl 


Interpolate the corresponding tut 51- per-cent—(a) using two 
of these values; (/?) using four ; and (y) using 

(235).—Having given log 50= 1-698970 

log 52=1-716003 
lo{|54=l-732a(»)4 
log 55=1-740363 

find, as accurately as possible from the above data, the value 5f log 53. 

(2*3,6). —Find Uvi and also v-i, when ?^ 5 = 55 , ?/,i=126, «7=2S9, ?^«=r484, 
« 9 = 8 c^, and A* is constau^A 

(237) w—(liven log 235=2-3710(i79 

log 230=2-3729120 
log 237=2-3747483 
log 238=2-3765770,' 

find log 23563. 

(238) .— Find the Northampton 3 per-cent annuity for age 30, from 
the following table:— 


A 

Northampton 


:t p(!i-c,cnt Annuity 

21 

18-4708 

25 

17-8144 

29 

T^-l070 

:vd 

10-3442 

37 

15-5154 


(239).—(a) (riven every wth term^of a series of values, i.e., Ux, «*■+», 
<fcc*» show at letigth how the intermediate terms Ux+i, «a?+ 2 , ^c.,* 
thay be obtained by Interpolation. 

(y 8 ) Given that in the series Ux, Wa?+i» «x+ 2 ,’. 

Ma,=9936675-4 
S,= -h 12767-62 
82 =- 30B3-725 
83=+ 422-8247 

SA- 34-72847 
85 =-f 1-254221 




PART II.—^LIPE CONTINGENCIES. [COiaps. XXm, MOV. 


you are required to construct the series as far as the term w^r+io- What 
assuipptiou is nec^sarj ? 

(24(}!).—If Wx he a function whose differenoes, when the increment of 

X is unity, are denoted by St/x, S’^f.v ., and by At/^, A%e . 

when the increment of x is «; then if 8®«j.+i. .are in 

geometrical progression, with common ratio show that 

AUx—nSua) _ S%a. 


(241).—^Having given the values of annuities at the following rates of 
(.interest, namely, at 

3, pe«-pent =15’863 
„ =14-941 


3i 


4i 


5 


„ =14-105 

„ =13-343 

„ »=12-648 

find the value at 4-328 per-cent. ^ 

(242).—Define a “differential coefficient”, and find expressiops for 
d?fx dhtx dhix 


the values of 


., in terms of the succe.ssive finite 


dx ’ dx^ ’ tdx^ 

differences Sux, . 

(243).—Show th{jt when fourth differences are constant 


d^7f 


(244).—Prove that 


dx^ 




(„.+s>= --^,3 — 

i 


approxinmtc'ly. 


Chapter XXIV.—^*iuMM:ATTON. 

•fc * * 

(245).—Show that finite^ integration is equivalent to the summatioh 
of an infinite nuflnber of infinitely small terms. 

/'24(5).—Rxplahi the meaning of, and the necessity for, the introduction 
tant in the ])roeess of integration. ^ 

-Show that .2«.r+w= (^“*1(1 +^)”®a!. and thenQij deduce the 
>r tlie sum of» n terras of a series, 

* ^ . n(n—1) ^ ^ 

-n-• • • 
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EXEfiCTBES Airi) EXAMBLES. 


(248).—If M»=Coa!®+C)df* + C 9 ir®+ ...» show that 


S»«iB=»Co+ -^7- -€^ 


6 


n^(n+l^^ «(«+1)(2»4-1)(3»®+3«--1) 

T-i-«'3+--C4+ 


4 


30 


(249).—‘•Let Ml, %, W 3 , . . . denote a series of quantities, and let Sj. 
denote the sum of the first x of* them (So beings =0). Having given 
the values of S,i, S**, . . . Sm, show how to find the values of Mif^, 


M3, . . . Um,' 


(250) .—Find an expression for Ux in teyns of ascending powers of x^ 
where S5 Mi=1 ,3G5 , SioMi= 5,155, SiaMi=13,370, and S3 oMi= 28,635 ; 
A® beiii^ constimt. 

(251) .—(a) Assuming the formula for the force of# mortality, 


— j • in terms of fix- 


{P) How eaii you tell, Ay mere inspection, that there is a 
mistake in the following approximate formula for the 
value of /X.J. ? 


H— 


__ 3(^(c-i + dx) — {^t^ x-'i-^dx-T*) 


12L 


What is the correct expres.sion^ 

(252) .—State Lubbock’s formula ft)r approximate sumoffation, and 
explain generally the ju’ocoss b}’ which it may lie deduced. What are 
the advantages and dis<advantag(‘s of this formula, and# the limits within 
which it may usflfully be applied, in the eomuutation of life benefits ? 

(253) .—Show that ^Ux may be developed in a series proceeding by 
the differential cooflieients of M.r, and prove that no differential coefficient 
of an even order will appear in the eajjansiyn. 0 

(254) .—Deduce Woolhousc’s formula for approximate summationf 


/*” I 

2‘*’m=/ Uxd^e 4- ^ Mo— 

n £i 


1 rfMo _1_ ^ • 

12 Ix^TlOdc^ 


by the method o? separation of symbols. 

(255).—"'^rite down ^oolhouse’* formulas for £q)proximate summation 
(a) to deduce the value of the continuous benefit from that of the yearly 

• 1 

benefit; (/ 8 ) to deduce the value of the benefit at iatervals of — th from 
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lObMt^xxrr. 


that of tile yearl/henefit; (y) to deduce the value of* the yearly benefit 
&om that of the benefit at intervals of n years. 

(25^.—Prove the identity of Lubbock’s g,nd Woolhouse’s formulas 
for approximate evaluation of the yearly lienefit in terms^f the value of 
\»he benefit at intervals of » years. 

(257) .—State some of the formulas of approximate summation 
suggested by G. F. Hardy for the calculation of benefit?. Which 
would you select for jiractical purposf.s, in order to obtain a suflBciently 
close approximation without excessive labour? 

(258) .—Apply Lubbock’s formula for approximate summation to the 
•computation of the value of a life annuity payable half-yearly, a table of 
the commutation column Djr being given for all integral valines of x. 

(269).—Apply Woolhouse’s formula of apjiroximate summation to the 
computation of the value of a continuous annuity on x (oa-)> deduced 
from the vs^ue of a yearly annuity (aj ). 

(260) .—Calculate by Lubbock’s^ formula of approximate sunrpflation 
the values of ^so. 30.40 ^.nd Ajo.so.jo according to the Life Table printed in 
the Text-Book. 

(261) .—Find the value of the following benefits, by the use of erne of 
G. F. Hardy’s formulas of approximate summation:— 




!i0:40iW) 


•“•20:40:605 


A.jo;40:605 


A 1 - 

“»0:40:fl0> 


A 2 A •'* 

■“20:4U:60> i "20:40:(io» 


A!>o:4o;(w 

.3 


(262) .—rind the value of a reversionary life annuity to the survivor 
of (30) and (40) after the death of (20) =/i' 2 oiy-: 4 i,, using one of the 
formulas of approximate summation. 

(263) .—Calculate by Wo^lhftuse’s formula of approximate summation 
the value, of an annuity to a life aged 40, to commence on the failure of 
a life aged 50, provided a life aged 30 be then alive (ffao.Mlio)- 

(264) .—Calculate the^valup of Csoiw'iu ^ formula of approximate 
summation. 

(265) .—Obtaii^ the annual premium for au assurance payable on the 
death of (j?), provided that event happen before the failure of the 

'ourvivor of two lives (y), (^), or within t years after such failure. 


■For fiirtlier practical examples and illustrations of the subject of this 
■V 13 referrod to Text-Hook, Cbap. xii, §§ [53]”[63]; xiii, 

' 1 . §§'| MJ [41 ;i XV, §§[10], [ll]»ll7]-[46]; ulso to Journal of 

vi' AH^'aricf,, vol. xxiv, 95 j xxvi, 276; xxvii, 122. 
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SOLUTIONS. 


PaUT I. —iNTEliEST (INCLUDING AnNUITIES-CeETAIN). 


Chadtee I. 


^4).— Text-Booh, § [I]; (J.I.iL, vol. iii, pp. 335-338; iv, pp. 61, 
72, 243, 253). 

( 2 ^-§ [ 0 ]. 

^3).— § [7]. The fo)xe of interest or force of \ discount is the 
rate i)er annum at whicli each unft ol' capital is momently increasing by 

the operation of interest* It is usually denoted by S.* Thus, if — is a 

m 

• 8 

small fraction of a year, a capital of 1 will become H— at the cwl of 

• m ’ 

2 8 

such interval: and, at the end of — of a year, | 1-1— ) ; and, at the 
’ ^ m ^ \ mj ' ’ 

14- , the value oi which, when m is indefinitely 

increased, becomes €*=l-f/; where i is the effective rate of interest; 
therefore • 

8=logf(t4-0» 

i=e«-l, 

(4) ,-f[S]. 

A 

(5) .—Let x be the nominal amiual rate of interest convertible * 
quarterly, and k be the corresponding eft'eetive yearly rate; then th<^ 
present valt^'s of a sunk due three, six, ^d nine months heace are, 
respectively, in terms of the nominal rate x, 


(■+ 2 ": {•*;> 
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{(Smp> Xi 


or in terns of tbe^ective rate 

fl+i)-*, (l+i)'-*, (l+»)-‘. 

tiie relation Iwtween the nominal and effective rates being exhibited by 
the equation 

* (i+0=(i+‘')- 

( 6 ).— ( 101)«=10 « 

nX«l-01=M0=23026 

2-3026 2-3026 

^ wz^mosrrr. approximately. 

/ a’\—mn 

(7) .-§§ [9]. [11]- 

i \ wl/ m=oo 

I 

\ mn 

1-K-) =€««. 

Wm=«. * 

i 

f - 05 

(8) .-§[12]. (.) (l+-j) =(1012fl)«' 

I 

( * •025\“*^5x2) 

I+- 5 -) =(10125)-*. 

(9).-§ [16], 

^ 1 . 0 ),—Theory o}‘ Fi^nance, Chaj). i, § (23). 

(11).— ‘ Value of bill given by A to JJ 

Value of bill given by B to A =uH. 

Let a be the amount of the bill^ue years hence, then ’• 


Y?hence 


v^a —t 

— ^m-n n — 


- —i}m-p,a—v^-P.b 


An approximate un-lue of x may be obtained as follows; 
(Bf i) -»6 +(!+*) -Par= (1 -f i) 
'(irnatoly, • 

* ^ I, 

5(1—Ml) +x(l—ip):=a(l--im), 

t 

af 1 — im) — b(l—inf 

_____ ' ... ^ n krk« 




approximately. 



SOLUTIONS. 


( 12 ).- 


CllAPTEB II (i). 

Disdbunt (D)= «(1— 1 >*) 
Annuity (a,Tl)= - - . ^ ^ 

t 


whence 


.(13).. 


D : 0^ = 1 ; -r 
: D=:l : i. 


729 X 


i-(ro 5 )-“ 


=£10,274. 9s. 8d. 

I 

the epoch of the first phymenty three months hence, the 
value of the annuity as modificd^would be 

= (1 + flS34|) X 729 ; ‘ 

while the value of tlie original annuity at the same date would be 

= yi(l4-a24|) X 729. 

The difEerencc of these two values (to be deducted from the first 
payment) would bo 

(l-»J)(l-H»5Il) >4»71J9, 

or [(1 + *)“(H-*)*]«^|x729=£387. 12*. Id. 

(15) .-§ [25]. 

(16) .—Accumulated capital = 


«ill(l-hO”*= 


{)-»»_.pW—w 


Accumulated p^ments 


(i + i)’"—1_ 


\ _ ^n-pt 




Difference 
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which has been proved in Example (15) to be the amount unpaid at the 
end of w years. 

(17>.— 50,000 (1 -F25lS2-oi) =50,000 =i£15,859. 7«. 5d. 

<J’26l 

(18) -—§§ [24]-[26]. {J.LA., vol. xi, p.cl72.) 

(19) .—§ [27]. For each unit invested the annual paylnent is 

=Pjl+£'=i-+i'=.i +(£'-£). 

The annual payment in respect of a capital of V is thus 

=V(Ps|+£')^v[i+ (.'-£)], 


where Pn!» »ni> and o,7| are calculated at the rate i. 

The second fomiula enables us to aseertaen the value of the annual 
payment by means of an ordinary table of “the annuity which lawill 
purchase” at the rate i. Theory of Mnance* Chap, ii, §§ (41), (42), 

(20) .-§ [27]. 

(21) .-§ [28]. 


( 22 ).- 

(23).- 


‘ 1 . 1 l-«» 

aiH =«.= -. - • V = —. , 

• z if % 

I 

l_y» 

» ‘ l 


d|«7| = » 


, 1 — 


then 


whence 


— (say), 


iV , 
^-j,=l —r'*, 




« = 


Aw 


(24).—Let y, z be the .number of years during* which A, 13, and C 

may respectively (fhjoy the annuity: then 

"a^S A-(j 


0 ? = 


Aw ’ 




Aw ’ 


2 = 


A-5 

Aw 
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SOLUTIONS. 


m 


CiTAPTEB II (ii). 


(26).-§ [33]. 

(26) .V§ [36]. XV, 437.) 

(27) .—§[34]. Let iF be the nominal and i the effeptive rate of 

interest: then the capital repaid in the rth year is, in the case of the 
annuity with yearly payments, and in the case of the annui^ 

with wthly" payments, =v”~^+^x -. 

iff 


(fH) Z % 

(28) .—§ [35]. =<?«]. 

X o 

» ^ ♦ 

(29) .—§ [38]. The required condition is, that the payments of 
the perpetuity arc made as often as interest is convertible. See also 
Chaij>. V, pp. 119, 120. 


(30).—§ [42]. (Numerical illustration of § [34]^ 

Value of Annuity 

Amount redeemed in the (|) + l)th instalment= a»®“3,where ^?=(1'025)~8; 


_l-(r025)->» 
■’ -05 


or 


where t>=(J‘025)“*. 
5,000 


(31).—Equal half-yearly charge = — -, where flgol is computed at 

»60l 

24’ i>er-cent. 


Sinking ftind =5,OOOPi3o| (computed at 24 per-cent). 

Amount repaid in (j)-|-l)th instalment =5,000P6i^{l+’025)*’. 
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f 

Chaptee II (iii) 

(32) .~§ [41]. 

(33) .-*-Table showing the formulas for the present v^tlue of an 
annuity-certain for « years, instalment payable k, and interest convertible 
m times a year. 

(a) In terras of the nominal rate of interest a (or 8, when m or 

k=:X) ). 

(J3) In terms of the corresponding effective rate of interest^ e. 



Te^k 

H^9I 

£ = 00 « 

c 

m=m 

, 1-(1+-) 

(«) ^ 
h 

(l+t)E-l 

• . 

; X \ m} 

\« w*/ 

w , 

% 

, V V m} 

(■) - 5 -■- 

1-(1+ •■)-“ 

\£(i + 0 

r 

m=l 

• ft 

(a)^ (Herear = s^ 

>1 l-(l40-» 

(a) 'I (Hero .13 = 0 

» 1 

(JB)J 

% 

ft 

(«) 5 

^ A,(l+t) 

(«) -j 

l-(l+i)-“ 

-A.d+i)’ 

m=cD 

( 

(a) .•- j - 

rtrl 

O) 

^ (l-hi)£-l 

« 

/% l-e-’*® 

•w 


In all cases, 

_ s connt on 1 for u years, 

iustalments of suniuity per annupi x interes'b on 1 for each if'staiiiienfc perio 


Ohay). ii, § (20). 
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SOUTTIOirS. 


m 


Let 


(34).—(a) Here S = the nominal rate of interest convertihle 
momently. 

(y3) Here i ^ the nominal rate of interest eoi^vertible 
momently. 

(y) Here the *annuity is payable yearly, and interest eon-’* 
vertible momemtly, and* 8 = the nominal rate of 
interest; while i = the effective rate of interest. 


(35).- 


X 
10 ‘ 






=x. 


s 

^1+ =(l + i') ; then, dividing by X, 


whence 


1-*-(! + ?:')-«_, 
lOe' , ’ 

X(l + *> ■ 


Chaptee III. 


[In the following Solutions, the symbol isAised to represent the 
»th term of the rth order of hgurate numbers^ and the symbol is 
used to represent the present value of an annuity for w'^years, whose 
successive payments ajjc the terms of the Hh order of figurate numbers]. 


(3G).- 


• se—X.x —2 .... tx—r+1 

<.51ri=--. 


§[45], p.68. 


The value of this when a?<r=0. and giving to x the values r, r+1, 

W ,J| 

r + 2, &c., the successive payments of th^ annuity become 


r —l.r—2 


r.r —1 


ml 


r+l.r.r—1 
-»r 


>-l 


2 




3 


1 ? 


0 • • 
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r+l.r 


»»'+3 +.+ 


»—12 




the expai\|^ion stopping at o”. 

(37).—(o) From first principles 


t>4-l*2v24-l'4«j3+.+10^74® 




+ *2®® +‘2v^ *}-.4-*217^ 

+ • 2^73 4 -.+• 2 ^ 7 ^’ 


\n—r 




L ^ It 


«7^(l —17®)' 


(38).- 


('30).- 


e * 

f 

(&) By Makeham’s formula {J.I.A.^ xiv, 189), 
oie] + •2<^-6|2l = oiJJ -k ’2 . 

(c) By Gray’s formula (J.I.A.^ xiv, {3^1, 182, 397), 

* 1 -2 ‘ t,/10*2 ■2\ ^ 

* * 

*" M 

— . .rtK ^21| — 21i?2i 

<*21j + w-::-• 

% 

A]J1 ■+• 21 + 51 •+• 4 i 

=o«l-l-7o^ri2|t+-12o^sl+6a^4| ^ 

r 

-5§ ['18]-[45]. 

i;— jy-. of Finance^ Chap, iii, §§ (20)-(22), 
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SOLTITIOHS. 


(42).—To employ Gray’s formula, the values of A»«i, A*» 4 i..... 

must first be ascertained. 

» 9 

By the following in<}thod, the general law of the series and its 
differences for, any value of m can readily be ascertained. 

We have 


(wt—l) (w--2)(w—-3) 


A3«i+ . . . 


At«m=At/i + (w—l)A2wi+A%i+ . . . 

. • If 

+ • ■ • 

A%„=A3mi+ . . . 

Inserting the values of Mi, A?#,, A®?/,, A%i. . . and reducing, we have 
*S I 

7/,„=z«» 3—6»i®^ 13m—7. 

* 

(Tlfis formula exhiltits the general lAw of the series) 

A?o»=3m®—9m + H » 

A®?«„,=6(m—1) 

A%m=6. 


Or for m=41 

if4i=59361 

A2M4I = 2J0 


A?^4i=4682 

A=’w4i=6. 


Now, applying Gray’s formula, we have,ffor the value of the variable 
annuity, 


•■ + + 
1 1* 

-^40 

i* 


i 

+ - 

1i® 

=» (when j 

i=05) 117066. 


J 

—it = 65 

126 


259 


484 

« 

A = . , 

71 

133 


226 


II 

. *62 


92 


128 

A3= . . 


SO* 


36 


A4= . . 

. . 


6 
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[(Hiapa. ZS, 


Value 



= (at 6 per-cent) £1,521,443. 


; (44).—^201ai6(+102ffli6|^ +38fli6i3|-H9ai5j.^-faiaisj. 


Cmapteb IV (i). 


(45) .—(A) 052310; (B) 052310; (C) 052310; (D) 052310. 

(46) .—(D,) 032167; (Dg) 032167. 

f 1_ 

(47) .—= —;— . The Lcorer n approaches to oo, the more nearly 

% 

does approximate to a^=i, .•. when n is large 0,1]= t approxi- 

tr tf 

mately, and e— — approximately. Inserting this value in the formula 

l-(l-|-^)-* 

^- we have 


— 


('i+-r 

V an\ J 


approximately, 


c 1 \ f 1 

and *=~- ^(1+—) . 

rt«l an\ \ ajil/ 


fin] ^ ® h 1 

* f. 

(^ext-Book, Example (5), p. 171.) 

For the <kse 0^=27, we have 

1 1 / 1 

i= ^ ^1 + ^ j = 03582 approximately. 

(48).-§§ [54]-[63]. ' 


' Cjtaptee tv (ii). 


(49) .—§§ [eOc], [67]. (XLA., xviii, 132.) 

(50) .—Here the formula 

C' + (C-C')7m (§[67]) 

+ (1 — v’”') \ , where (1 H-y)““, 

1 — U —*)» \^here ^— -- — 



01ii9i 17.] 


SOLUTION'S. 


(51).-§ [69]. 


(52.)- 


whence 


iL 

ioo’ . »' 


, flQOi' , 
— -'w +1 


^ p 

• »=- 


X(1 :!-*') 


-, which is mdependent of the rate i. 


{Text-JBooJc, Example (28).) ^ 

(53).—By Makeham’s formula, we have 



4 )=»'”+ 


whence 


*•'= 


(1—?>'»)»■ 





Insert a value of near to th(j true rate, and. then deduce i' by 
successive approximations. '* 

Or, ^.s follows:— * 


but 


a'v\i+v'^ = X+ 

^ ^ 100 

a'n = l 

* 

lOOrt'i,! 


and 




lOOa^T 


9 


from which i' may be obtained by successive approxinjations, 
(54).— {Text-Book, Example (0^, p. 134). 

Here we have 


Let 

then 


3 

(l+;)»-l_ 1 

3 ’ 

9 



1 
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PABT I.—IHTEttEST. 


rdi^ XT. 


(65).—(a) l,00b|«'»+(l~»'») =l,000fl-o'2?( 0r>--03)} 


5 ? I 

•051 

= £750. 15s. U. • 




= £849. 4s. Ilf/. 

# 

(56).—By Makeham’s formula 


A=C'+(C-C').,, 


we have 




where a'n\ is^computed at the rate,;. 

The problem may also be solvedi as follows: 
The successive payments are ^ 


= +/M 

' n 


- — (1+in) 
& 


“ +,-m(---)= ^ (l+!,n- 2 ) 

n \ n t/ n 


M 

n 


+ =^(l + i) 

'inj n 


The present value 6f these payments at the rate^ is 

r ^ 

M ., ** 

= — \0'n\ +<*Vt—J +. 

n ■ ‘ 

TVf" T"^ 

= .+.1—p')J 

t* 

(This«example illustrates the advantages of Makeham's 
■ dealing witli similar problems.) 






oiuipa. vr, vn.] 


sorxTioxs. 
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(57).—^Let P oe the amount of the property at fhe commencement, 
and Pi, Pj, Ps,.the amounts at the end of the 1st, 2nd, 3rd^. 

years. Then , 

Pi=P[l + (1 —w)«] 

P2=Pi[1 + (1-2»0»] 

P3=P2ri+(i—3«oo 

P^=Pp_i[l •(l-pwO./] 

Pa/>= Pa/)-i [1 + (I—»]=0. 


Therefore 

whence 


1 + (l—2pm)i—0; 

1 ■i-? = 2pim. 


Amount sp(>nt in pih y(‘ar 


:p//*/P^_,= ^ P^_i. 

* ^ 


l+i 


Amount left at end of ^th year 

= P„= Pi,_ I [1 + (1 ^pm)q P^_,, 


(58).- 

whence 

Also 

whence 
Then we have 


76= (6 + 1) 


X 


10’8571 !'=««, aerate .r. • 
(l + -06)«-l 


i00=lx 


•06 


n =33 1 approxiiftately. 
10*85714=<irMii^| at rate jf; 


whence, by formula (C), § [57], ,^='0862^^ 


CirAl’TER VIJ. 

(59), (6(1^.—§§ [84], t35]. T^hle» anti Formula^ (Gray), (?hap. ii, 
§§ (47)-(55), (68)-(76‘). ■ 

(61), (62).— TJieorp Finance^ Chap, v, §§ (28^(30). Tahlett and 

Formula, Chap, ii, §§ (63)-(65), (74),,(75) 







52 


PjLET I.—intebest. 


[Obsp. m 


(63).—^Let Sftj^e the present value of an annuity-certain for n years 
payable in advance, then ^ 

*>711 — i| 4* 1« 

Similarly, let sjn be the amount of an annuity-certain for d years payable 

in advance, then 

’ • . _ , 

• , ®7?, + 

We have also 

a«l = (l + 0"«l 


Chap, ii, § [29]. 

(64 ).—Theory of Chap, v, §§ (19), (23), (26). 


25 (l + 0 » =«■«+]!—1 



C 


MisceiiiANeous Examples. 

(€5).—Let X be the effective rate of interest, and lot it be assumed 
that the h^lf-yearly dividends ean he iiumediatcdy re-invested at the 
rate x\ then the accumulated payments in re.s])ect of any year are 
approximately equal to 

t 

2-5+2'5(lV ^)+3 = (8-i-l-25.r), 

■which, by the terms of the (luestiom =^.30^!;, 

• » 

whAice iF=: *062136 nearly. 

• ( 

If the dividefids can be re-invested at a rate of interest H,f % per 
pnnum. the formula becomes 

8-1-1*^5* = 130ar, 

84-1-25* 

S!~ —T--— , 


inserting the valuCsof *, that of a? can be obtained. 



KMeQueotti.] 


SOLUTIONS. 


(66).—Here the accumulated payments in respect of any year, at liie 
ef^tive rate a? (the re-investmenta of dividend being made at thft same 
rate), become approximately equal to 

2*5il + a?) + 2-5T^l +0 + 3 ( 1 +|)=8+5-25a?. 

But, in tljfe solution to Problem (65), it was shown that 

8 + l-25ar=130ar 

8 + 5'25a?=134ar, 

and the price to be given is therefore £13%. 

If the re-investments of dividend are made at the rate wo have, 
for the accumulated payments of any year, 

8 + 5-25«. 

But, in the solution to ProCleui (65), it was shown that, in this case, • 

8 + l-25j=130a- 
.•. 8 + 5-25/=130a?+d!?, 

in which, by inserting falues for a' and i, the required price may be 
obtained. , 

It is also evident that, ■w'here re-iuvestmen^s of dividend are made 
at the rate a’, tlie value of llie share just before paynient*of the June 
dividend, is equal to^the value just after j)ayment of the December 
dividend and bonus, plus six months’ interest thereon? 


=13o(i+ 0=(13Oxl'O31O68)=134' approximately. 


(67).—(a) Dividing the income fronrtnterest by the “mean fund’.’ 
iif the middle of the year, we have 

~ 043373=£4.6^. 9^. j)er-cent. 

This result represents the *10105 of interest” (< 6 ), and 
the yearly rate realized may be deduced by the usual 
relation,^ ^ 

8 =log ^(1+ 0 =logie(4+ 2*302585, 



I'AKT I.—IKTEUEST. 


IUmwUuiwiu. 


‘043373 

whence 2 . 302^85 =-Ol««37=log,«(l + 0 ; 

an3 *=*04433=£4. 8it. HJ. per-oent 

(/ 8 ) If * be the effective rate of intefest, the fund of £ 1 , 000,000 
becomes,'at the end of the year, = 1 , 000 , 000(1 + *); 
and the income,(excluding interest), less the outgo, 
form§ a continuous fcuuuity^ for one year of £30,000, 
the amount of whicli, at the end of the year, 

=30,000, - - - I- =30,000f 1 + ^ - *1 + ...). 

lQge(l + *) ’ V 2 12 J 

Hence, the interest earned in the year 

= 1,000,000 *+30,OOoQ - + . . .^=45,000; 


whence 


),015,000 


=£4. 8 s. Sd. per-cent approximately. 
( 68 ).—Let n= the number of times interest is convertible 


( 1 + -) = 1-061 

'2f(i+T>='‘C,7 


0(51678 


06y_ /-OO^-tTO ‘000216 
n / n • 2 «^ ^ H/r 


-■) 


. , , V. '^^018 . ‘000072 

whence logf 1*061678= 06— - ■ + —,--i 


•0598505=-56- 


001 S 000072 

+ - - 


. ■^‘018 -000072 

and 0001490;= - -^---h • • • 

w 

K> 

from which it is obvious that w =12 nearly; and substituting 12 ** for 
?*■*, we have 

‘•000i«o=;“i®-:5'^ 

n 12** 


i 

1 • 

= (- 0 (^ 8 - 000006) 


•(H)1794 , , 

a= = 12 , 

^1001495 



iritO»llM«OUl.J 


SOiiUXIONS. 


(69).—Numinal rate = 


^25 

94 ’ 


= 02660=£2.13«. 2d. per-oent. 


EfEeotive rate (with quaiterly dividends) 

= (lW65)<-l^ 026865=£2. VSs. 9d. per-cent. 
Instantaneous rate =8=lpgf(l + *), where i*= above effective rate 
=logf 1020865=logv„l-026865 X 2-302585 

=-0^6513=£2. 13«*0f?. per-cent. 


(70).—We have {Alyehra —Exponential and Logarithmic Series) 


therefore 




1 r ^ +(^+ 3 )* _ of „ ^ _ 4 . ^ 

1 + ( 11 -f) ^ (2 + 2«j 3 V2+ 2m. 


h 


f. 


w '* 

If i is u small fraction this*becomes approximately, 

• 

Giving to a successively the values 1, 2, 3, . . . n, we have therefore, 

1 * 1 1 1 
l + i 1 + 2/ 1+3/ 1 + h/ 

1(, 1 + li/ , l + 2j/. • 1+(«-!•§)/) 

= 1 + 5i +‘"»‘ i+Ui + • ■ • +'“8‘I4or-i)i/ 

= ’ ^ +2^*. 

/( “‘^vi+i/ i+ii/ i+2i/• i+(«-i)/;) 




approxiniately. 




PAST II.—IiI^JE COKTINGENCIES, 


[Oliap. X. 


SOLUTIONS. 


Pabt II. —Life Contingencies (including Life Annuities 


AND Ass usances). 


Omap'tee 1. 


(1) .— Text-Booh §§ [l]-[4!]. 

(2) .—If out of («*-!-«) trials, the^ I’esult A lias happened m times, 
and the result B n times, then the probability that the next trial 

will produce the result A is strictly " ^ \ or, in 

^ (m+1)+ («-+!) wi+w+2’ ’ 

30 * 

the pfesent case, (-De Morgan on Prnhnhilities, Chap, iii, 

p. 65.) 

This result is, however, based upon the ass\u*iption that all values 
of the required probability arej a priori, equally likely, ]vhich cannot be 
said to be true with regard t6 the jirobabilities of death. 

(3) .—From the conditions kid down, the total deaths in any year 
will be equal to the number of annual birih.s. If this =/o we can obtain 

by successive multipliea^'on bjr jpi? 1^2 .> the values of li, Za» 

?3 .the survivors at the several ages. If we dssume ^he numbers' 

.living between ages 0 and 1,1 and 2, Ac., to be , Ao., the 

. 2 2 

' c numbers will represent the total pojiulation! 

ri3j. 

[15].. 

/?) ThoofFect would be to exaggerStte the mortality, especially 
hV the youngw ages. (J.I.A.i xviii, 107.) 





ah»p.2L 


SOLUXIOJTS. 




CniLPXEB 11. 


(6).—Expressing tli# given formula in terms of the number living* 
at each age, we have 


• I 


a?+l ^^+2 *'a?+3 




^aj4-» Ix+n 

• 7 7 — 


J‘x ^a!+i ^a?+2 ^af+M-l ^a? • 

(7).—We have 

nPxi,^x+dx+i-\- .+<?(o-0 


I 


— ^ (Jx —^a!+i + ^^a!+i—^aj+2+.+ ?w-2—?w-i + ?»-l) 

•'X 


= 1 : 


x+n • 


(^.—Proportion per-cent of luaft'ried couples=100 x X 

^uul Jbll 

=81*29. 

2236 237 

=100x---v-X 


.widowers 


widows 


2501 2611 

= 812. 

265 2374 

=^‘^>‘2601 ^ sen 

= 9-88. 


(The renmiiiintf *08 iwr-ceiit represent the deceased couples.) 
(9).-(«) ^ [16], 

(«§[12]. l-(l-,px)(l-„p,). . 

(10).-(«) §[18], 

• tx 

• * , • 

§ [21]- M-il2ar(l—M-l!7tf)+M-ll7»(l-*»-l|£a(} 

• — ^x +n—i _j_ ^y+»-i _ ^^x+n-^idff+ ^i 




( 11 ).. 


« tx 

§ r 203 * w-il^jw^kSw^lw-iSiS* 




___ lx ^a>+i» 







J*AliT II .—MVK CONXIMUfiNOIES. 


lCniap»2L 


5» 


(12).- 


V 

also 


^y+u—l 

Imi Ip 


^u-+» J'y-h it-i 


~h 


— '.y Xjpj/j 




nPx n-ipy 


h 


_ l\V+» I'p + t^l 


1>u 


ix 


1 


r 


^x-Vn ^y+a~i^^y—i _ nPx\y—\ 

ix ^y-\ h Py~i 

r 


i I 

(13) .—1— {1 — {nPx —{l“"(»^y — ny>npy))\}- {.nPz~“ u+tuP^} 

(14) .—If the agtjs of the tliree* lives are severally x, y, the 
following are the various contingencies:— 


Die. 

Survive. 

Probability. 

None 

x.y.z^ ' 

Px^^Pyy^Pz 

X 

y.z 

{X-px)Py^Pz 

y 

x.z 

0--Py)Pxy^pz 

V 

x.y 

0^-Pz)Pxy^Py 

xy 


0-~Px)(.^-Py)pz 

xz 

y 

{l^p.)0.-pz)py 

y^ 

X 

' 0--Py)0--pz)Px 

xyz 

• t 

None 

0--Px)iX-Py){^~P. 

% 


It will be found on expanding these several probabilities that the total is 
unity, which sho\^ that all possible cases have bec'ii included. 

(15).—(a) 1—(1—,i_j 2'j;)(l rt-l|2’//)(l rt-iiyr)' 

(^) 1 — G*-li^A- X n- 1 <{y X it-][yc) • 

tv) (l~M-li^J’) C(rt-lA'/~'t/'^)«2^-+ iiPz)iipy ! 

"I" (1 — n—ipy^ [(«— iip,\^ hPs*^ (h—\P: uPz) 

* 

+ (1 n.—\Pz)\/^a~\px aPx^Hpy^ (w-lP// npy^tiPjs\’ 

(lG).-§§ [27], [28]. 

(17).-§ [34]. . 

(IS).—§ [34]. If, Iwwever, (yitf !))> is an integer, say k, the >’th 
a“nd/r+l)th terms are equal, and the occurreuee of either (t'—l) or /• 

i 4 

deaths is equally probable, ^tid more probable than that oP any other 
nundmr. , ' 

Let bft the jjrobability of any one of the lives surviving the 
•d; then the required expression is the sum of the last four 
expansion of {/' + (!—that is, 

V’(<-/0‘ + 2V^(l-^)5q-7y>(l-4f;)«+(l-i>)7. 



Ohapt Hi] 


auLXJxioNa. 
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(21).—(a) l-|(-98)>"«+l00(-98)«»C02)+-(•98)*(-02)*|. 

1-|(-98J*««+1000(-98)«**(02)+. 

11000 ) 


j29 

(22).-^tet <^=(1 —j)), represeut the probability of dyin*g during 
the year. 


ilOOO 

W !20|980^'"^*' 

,1000 

(« i>>»»+ioooyj»j+ 

(y) 

( 8 ) 2’20x + since CP + g')=l. 


...+ 


jlOOO 


|20|980 


^SBO^W 


(a) -=00139. 

14 

(/8) =-03333. 

(y) =-tK)9h. 

(24).—If a number*of persons are exposed to risk of death at the 
same age o'. 

The “ rate of moi-tality ” (gj,) is ^le ratio of those dying 
within a year to the number living at ago a-.* 

The “ for^ of mortality ” (yxj.) is the annual rate at which 

the lives are dving at aee jp. It may*also be defined as 

* 

the limit of the expression 


m 


Jx 


when m is indefinitely ineresi.sed. 

The “ central death-rate ” («iar) is the ralio of the numbers^ 
(Jyiug within a year to the average number living during 
the year. ^ 

— - =V'a!+i approximately = 


.1^+4 


2-201 


2.,,= apprpimuatelv. 

2 + m.« 2-Vjaa,+ i/* 
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PAST II,—LIFE CONTOTGEECIES. 


ICIh*]^ IL 


(25} fLa, > — < j'j, 

!• ^?a!—* dx 

according as — -- — > s= < y- , 

jj j> dix—\ "f" dx > < Sflfar* 

1 

dx-\ >TZ.<dx 


»» 5 » 


(26) .—§ [37] xvi, 460.) ft has been shown (Ex. 24) that fix 

lx —^a:+— 1 

is equal to the limit of the expression — - - - when — vanishes. By the 

— lx 
m 

d Ix^^—h 1 d 

definition of ~ Ix^ it is the limit of —-. Hence ua.= — lx- 

dec 1 dec 

m 

(27) .—^[Bhis arises from the general principle of the Differential 
Calculus, that, where ^x is any function of 

1 d * d 


(28). 


(29).—We have • f^x^t = - ■ 

1 IxJ, 


at 


X-xl 


• ^ ^ar+!'» 


cr 


and 


whence 


== ?ar—?J?+1 = dx, 

i~ *f* lx->rt f^x-\-tdt = y- —Qx> 

•■Xi/ 0 lx 


dt 


’ [44], 



Oluq). XU.] 


SOLVTXOKS. 


m 


Chapteb III. 


(31).—(a) The “aveAge duration of life” (^a;) is the number oi» 
years which perspns of a specified age, taken one with 
another, survive, according to the given 'table of 
mortality. 


Ca.—i + 


^a ;+l'f?a;+2+ . 

Ijg 


(/8) The “ probable lifetime^’ \vie frobable) is the number 
of years Avhich a person of given age has an even 
chance of surviving according to the experience of a 
particular mortality table. 


5 =^ deduced from the equation = 


— 2- 


(y) The “ mean age at death ” is the average age to which 
persons of a given age, taken one with another, will 
survive, according to thfe experience of a pai-ticular 
mortaljty table. 


z=zx-\-i‘x- 


(32).-§§ [l]-[4], [8]. 


Age 

Average 
Duration 
of Life. 

Average 

Age at 

Deatti. 

“Prohable 
Lifetime ” 

» (0 


0 

*'» 

Jc + 


80 

5-19 

85-19 

3-76 

81 

511 

8611 

t 4-21 

82 

6-23 

87-23 

4-00 

83 

5-27 

88-27 

4-25 

84 

4-95 

8if95 

4-20 

85 

4-38 

89-38 

3-70 

86 

4-58 

90-58 

4-25 

87 

4-32 

91-32 

^•76 

88 

3‘84 

91-84 

3-17 

89, 

3-64 

92-64 , 

•8-00 

W 

2-98 

92-98 

2-60 

91 

2-97 

’2-58 

93-97 

2-76 

92 

94-58 

2-50 

93 

2-28 

95-28 

2-26 

94 

1-79 

95-79 . 

1-76 

95 

J-80 

96-80 

1-26 

96 

•83 

96-88 

•75 

97 

•50 

♦97-50 

•50 
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PART ir.—LIFE CONTTNaENcrKS. 


[(%>!)• nz. 


(33) .-— +®«+0 ?*)(^'+<Wi)- 

The values for ffx being given for alt ages, and the expectation at the 
limiting age being zero, that for all younge/ ages could be found by 
aucoessively applying one or other of the abo\jp formiilas, 

(34) .—(a) At age where d,r+r is the greatest value of ^ 

from age a* to the eftd of life. 

^ j, . ^ 

(/3) t j^cars, whore — = ■} 

(35) .-(a) §[9], 

(/8) The probability of a life aged .r dying in the rWi year 


—n-i]^x— But, by T)e Moivre’s hypothesis, 

1 • . • « — X f w +1 — &C. —— 1 

* 1 

o'y.p=i! 2 '®= • . • ■ =«-i|3:.p=w.'7.r=&c.= - - for all valugv of n. 

* 'x 


1 d 


(y) — — T* ^ ^ 

•'SB a* 

1 d^ 

•x • X 


^-1 —1 
dx^ ' 


This equality also follows from the reasoning in Solution (25), bearing 
in mind that on De Moivye’s hypothesis d,c-i—d.r for all values of .r. 

(Sfc).—5'»+^af(l + S'^+j) +2i>.t;(l-+ifaT+2) +. 

*# ' 

dx , hlB+l I I . ^j;-l 9 . dx+‘2 

= y + w + 7- •+ , + , • , +. 

^x •'X I'x ’x+l ''x * !P ^r+2 

€ 

1 * » 

== y (<?.t*+^3!44 + ^^i+i + ^.r+a‘b'^j>+2+.) 

I'X 


!•>> 


— jT (^a:+ ?a?+1 + ^a'+2 "j 

‘7C # • 


+ . ..) = ! + <?,c 


(37).- 


_^x+»+2+.+?.T'+af+)w 

' n'w^T — ■ — -j-- -- 

V ‘ 

~«2^.r(®.r+M— mpx+H^x-^ »+♦») 

»! w e.r = »»^,T ( O.r+»— mPx+nf-'x+n+m') 

t ^ 

_ * ,1 ix+n~>^^x+n+m 

, - -f- ^ - j- . . 

- lx 

liavo '’.r=i +p.T(i -l-Ca,H.i). [Example (33).] 








oi»p. HI.! 


SOLUTIONS. 


Whence 


_ J*-i- 


JP*-i= 


CJ^+ B' 


4* “ 

a 


^X+l -B 

—-T^j . 

‘.'B+2T 2 

If 4\r,^i—(’x=:(\f+i=r, the above becomes 


Px-i — 


e-i 
e + -h 


e—B 


Also 


2h-\=2>.v 

0•-l— i +/*.r-i(u + <>) 

*’x— 2 +l>.r(^s + '\r+i) 

<'.r) = I +^^.7-+1 (js + tV+a) • 

If these become * 

- 1 = i' + P (^ + ^'.r) 

(’.v= a +/>(s + f'.T+l) 
ej -4 1 = 3 +^('2 +/'. r + 2 ) • 

Then (’.p_i = <’.p only if «j;=<>+i=f’j +25 and we have 


1 2? 

<’'ar+a5i=i+;t)(a-H-^’j'+2), wheii^ 2 * ■ 

(39).—§ [1]. A.ssuming that the deaths are ^equally distributed 
through the year, 

mgra, person.s originally aged .r who die in the first year live Img^ 3 fear’s 




» .second „ 




wth 


I >1 


I « 


Thus the persons altogether live 


m 


= ‘2 .)» ’ 

and the average duration will l>e 

— i(</a!+3i|^a>+f52|fl'jr+.)• \ 
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' ( 

\ 

(40).—Assumiitg the lives to die upon the average in the middle of 
the year the mean age at death is equ^l to 

'h~ ^ 

?jp+i) (^ + i) + (4>+ 17 " +li) + (?jr+2—2aj+3)(^d- 2i) +. 

, ■ ’■ ” h' 

{ 

I ^af+l + ^a !+8 4 -^«+ 8 +.. 

= (a?+i)+-- 

— ar+^as* 

. (41).-§[21]. 

The curtate expectStUm of two joint ]ive.s (a*) and (y) is the 
integral number of years which lives at those ages will, upon the average, 
jointly survive according to the given table of mortality, and is obtained 
by the formula 

^a;+l^»+ i~ b^a!+2^y+2+. 

Igfly 

which is obviously equal to the exprossion given in the question. 


Chaptbu IV. 

(42) —§§ [1]‘, [6], 

(43) .—§ [6]. (J.L4‘, xxvii, 158.) 

(44) .-§§ [8], [8]. . 

The following is an actditional formula involving the ordinary 
approximation’for the value of but without n^aking any a,ssumption 
as to the distributfon of death*. 


/» € 

Qiy tPiey • • dt 


_ • ^y+t 

hv 


-J 




.dt 


but 


l^x+i- 


^x4-f-i — ^a?+#+l 


nearly 


^-he above 


1 — +r • ^a:+^+l 


^Ixy 

_ 1 ^y^p+f4x+t—i ix~\ 

2«y •• V lx—dp lx 

Itf (.1 ^ 


dt 


Ip + t'lx+t+l lxft\ 




lx-\-l>ly 







Oup. 17.] 


SOLITTIONS. 


(45).—Let the year be divided into m parts. T9en the probability 
of (a?) dying in the first of such p^ts and of (^) dying afterwards,^is 

_ 1 m—1 

mm’ 

Th^ probability of (a?) dying in the second interval and (y) 

, in a later interval, is • 

1 TO—2 

= — %- . 

TO ■ TO 

The probability of (js) dying in the nth interval and (y) 
in a later interval, is 

1 m—n» • 

TO TO 


The probability of (a*) dying in the (to —l)th interval and 
(y) in the TOth, is 

_ 1 1 

m m 

Summing tlicse expressions, we obtain 


1/TO—1 TO--2 . 

—(-h -P . . . + 

TO\ TO TO m/ 


TO —1 . 


If TO be infinitely lai’ge this becomes in the limit =^. 

Or, if # represents the fraction of the year elapsed from its com¬ 
mencement to the death of (y), then, since (^r) is equally likely toUie in 
any portion of the year, the probability*that he will die in tlft interval ^ 
(«.c., before y) =#; since / may have any value from 0 to 1, the total 


probability that J[a;) dies before 



(46).-§[8]. + 

■a \ ■ py-^ Px-\ J 


Since the expectation of life is fijual to the annuity when.the* 
• N' 

rate of int^aafest =0, exy=- and th^ above becomes 


—iuA_ q- y . 

2 \ ly 

Ixy / 



^ar—A 
lx) 
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(47) .—§ [13].^ If, in the expression 

1 tPxO- 

the approximation given in the solution of Example (41) he adopted, we 
have, as an approximate value, 

c 

The value of this probability may also be approximately 
found by substituting, another life ar,Avbose expectation of life exceeds 
that of y by # years; then 

Qi.ir)=<^ approximately. 

(48) .—§[14J. a 

(49) .-§§ [18], [21], [22]. ‘ 


Chapteb V. 


(50).-§§ [7]-[21]. 

‘ T* =SLa,5r:Za,XCa,- 

=?,T.^+ST^+,. 


(51).—Assuming that the age-distribution of the community, that 
is, tbi, ratio of the number living at .'iny age tt> the total population, 

= does'hiot vary at different ])crioils for any given value of a?, let 
lo '' 


Lu, Li, . . . repre^nt the number of persons living between 4ihe ages 0 
and 1,1 and 2, . . .; then if x h-' the.age at which the pension is to com- 
menec, the number of persons above that ago would be Lj-f Lj,+ i+&c. 
=Ta,., and the nnoiber of persons below age x will be Tq— hence 
(upon the supposition that money loes not yield interest) the contribu- 
tiors required from each of ^he latter to provide a i)cnsion of £1 per 

T 

annum for each the former= ~. ’ - , 

Ifl— l.r 

■ •.—Let X be the age at which promotions are made from the 

<) the intermediate class, and y that of promotion to the senior 
- 

fao Ta*=|-(T2 o— T«o) 


lV-T,=f(Tao-T;-) 

Ty-lV^KTao-Too) 


icn 



Olups. V, VI.] 


SOLUTIOITS. 


m 

The first equation determines the value of a?, and eitler of the others the 
value of y. 

The above solution, will only hold good provided the iqprtality 
experienced agrees with that of the table used, and that there are no 
withdrawals otherwise thih by death. 

(53).—llie average age of thc^ populatiod at any time will be 

• ^ 

(L|) X + (Li X J.i) + ( L 2 X 2|^) +. 

Ly + iji + La +. • 


and the total number of years to be lived by 

the Lo persons will be=-yj(rl-Li 4 -L 2 +. 

the Li „ ,, = ILi+Lad*. 

the La ,1 ,, = ^La-I-. 


for the whole population • 


= .y Ly + 1 ’ L| + 2-2 La + 
and the average expectation • 


- 3 -L 0 + l-^Li + 23 -L 2 + 
L(,-1-Jbi + L2+ . . 

4 


(54).—Since the number of annual births must e(fual the number of 
deaths, Iq=209, and 


The average age at death= 


To _ io;ooo 

Jo ~ 2i9 


47-85. 


OirAPTEI? V]^ 

(55).—Provided the formula employed to rcift-esent the number 
living is sudi that its sum for s#?ces^vo values of ar can readily be 
represented by aj^ algebraical expression, the values of the vwioiis 
annuity s«fd as.surance benefits can bt^sirniiarly expressed, thus obviating 
the use of numerical tables. Such an expression is that given by, 
De Moivre, 

?j,=86—,r. 

• * 

Messrs. Gompertz and Makcham have also given formulas 
and 
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The sum of these‘expressions for successive values of x can only be 
expressed in the form of series. ^ 

Foi; advantages in the calculation of joint-life annuities, see Chap, vi, 
|■[69], and Chap; au, §§ [20], [26], 

• (56).—Let 

a 

Ixi .bo represented by ar^, . 

dje ar^—ar^+^ 


then 


yar— y- — 

•'X 


$'a?+n— j — 


ar^ 

<?ar+« —«r»+«+l 




ar 


i.*+» 


=<l-r) 

= (l-r) 


o 1 , ?a!+l+^.rV2+Za-+3+. 

*'=2 +- % - 

_1 ^ . ad inf. 


= 2 + 


ar^ 
. ad 


_1 r _ (1 + r) _2—S' 

. 2 2^ ■ 

(57) .-§§ [7], [8], [10].- 

(58) .-§§ [13:i-[16]. 

(59) .— log Za„-log 

♦ = log ^ log s -f log y 

log ^x+^ =log h + (07-1- l)log s -f- c*‘+*logy 
♦ logi^.ii=lo^ ^.v+i—log lx 

=i)gs% (&■*+'—c*-)logy 
^ =Iogs+ca-(c-l)logy. 

To find the value of we have^ ‘ 

loge /'d?=log* a?logeS+c»logfy 

= —logeS- (logeylogeC)c* 

‘ seen that this.expression is of the fortn 

A+Bc®, 

B, and c are constants (§§ [14], [15]). 

[20J. 








oiuipi vn.] 


B0LI7T10NS. 


Ohapteb VII. 

(61) .— 2 iEio=^- =»-690. 

. *10 

(62) .-§§ [5], [ 6 ]. . 

(63) .-*-In § [25] it has been proved that 

But Aj.= l —<?(l + ffa!) 

while »(«*+^)=l —J(l + a^l) 

multiplying both sides by (l + 2 )i, 

(1 + *)^Aj. > 

or Aj>w(^> 

that is^the value of an assurance payable at the instant of the death of 
(j?) is greater than that ot^ a sum certain payable at the expiration of 
the complete expectation. 

( 04 ).-§§[ 30 ], [ 39 ]-.[. 14 ]. . ^ ^ _ 

( 60 ).—From the investment ^f a unit in connection with a life (a?) 
we can obtain an annuity of i per annum for (^<—J.) years, and an 
assurance of (1 + 0 payable upon the attainment of age {pn+n) or at 
previous death: that is, “ 

*l~®'l«— 1 ®*+ (1 +0 

or 1 = + (! + /) (inAj: + mEj*) 

— 0*— 1 ^. 1 ?+ ( i + 0 |»— 

~ (1 + 0 — ii—\Ox 

whence |«AJ,= ^’(l + |»-lOaT) — 

( 66 ).—(tt) »(l + |,i_,aa;) represents th« valu? of an annuity of 1 fox 
H years payable at the end of each year, provided 
the life (a?) be inexistence at th«beginning of the 
year. 

Ih??;® represents the value of a similar annuity, provided' 
the life (ijr) be in existefice aij the end of the year. 
The diflerence between the value of these two annuities 
represents the present value of l^payable at the end 
of the year in which the life (di) fails, provided that 

• I 

event happen within the n years. 



70 


PABT II.—LIFE CfOSTTINGENClES. 


[oiMp. vn. 


(^) If an assurance on ( 4 ?) were payable at the end of the 
first year, its valne would he v ; but, under the 
conditions of the given formula, the sum is payable 
' after n years or at the end of the yeair of previous 
death: we must therefore deduct from v the value 
of the interest thereon for the term of (n—1) years 
during the life of (a?)—^that is, ol d^n-i^x ; 

4 ■ 

(67).—A capital of 1 will provide a payment of i at the end of each 
of^lbe (^—1) years while th(j^ life (a?) is living, with a return of the 
capital and one year’s interest at the end of the period or at the end of 
the year in which the life fails: thus. 


whence 


1—(1 + >• 

l—it-iOx 


A^ — 


1 + * 


1 i\t—l(ix /I ^ * 

= V~ (l-r) 

I 

— (1 —^?)N a .+ (3 

i>^ 

(_hlip—M.P+# 4-13^.+^ 

“ * 

(68).-§§ [53], [51]. 

It shouldf be noted that in Dr. Farr’s tables 

a 

Da*+i;^+l+. 


(09).— (tt) * 


If.r + iUft- n. + +M + n 

—Njj+jm—1 

(^) 

M.r- 

a 

Mrt'+M 

d][ 

<y) (i) 

• 

IMfar i-M 

N~ 

1 


... 




OlMf. VXX.] 


SOLUTIONS. 


71 


(70).-§ [82]. 

The annuity is equal tc^ 


5(«{1 (1 ntpx — ■ ^2~ ~ 

. 

—iSi - 12 - tPxx H— -,g tPxxx — • • • '^tPxsx. ..OOj 

nUi—V\ n(n—l)(n—2) 

— ntljs - - --^ ,Q ^xxx —..(») 

1^ i'J 


(71) .-§ [85J. 

(72) .—~ t2^=} + tpxs{^ — iPi/) + tPffsO- — tPx) + tPxffs^ 

= ^V*bp.rii -^fPxz + tPvz—^tPxyz'] 

—"^^xz — ^^^xyz • 

If an annuity of 1 be jjurt'liased ou,the joint existence of each possible 
pair of lives, we shall eviilently bav«! a total anntiity payment of 3 so 
long' as all the lives are in existeq^fe, and as each of the, lives is included 
in two jmrs, the failure of any life will reduce the annuity to 1, and the 
failure of a sc’oond life wijl extinguish it. It is evident, liherefore, that the 
required case will be exactly met bj the purchase of an annuity of 1 on 
each jiossiblc pair of lives, less an annuity of 2 during the joint extetence 
of all throe lives—that is, 

(73) .—§ [9ii]-[97]. (Ji 7.^4., xxiiij 24!4'.) 

(74) .—§ [09].—The value of this anuufty is approximately equal to 
a Jig where the value of z is deduced from the formula^es=e^ + f. 

(75) .—§ [103]. 

(76) .-§§ [105]-[107]. 

(77) ^.-§ [113].* 

(7?).- (a) 
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m 


m 


(79).— (o) — (am ——(%— ftxy) 


n 


n 




i.P) O’xy + ~ —®iry),4' (ffj; 

® . s 

(80).-Aiii=l-J(l+«.is) 

= [1 — f?(l + <*'arfl'x)]—3[1 — + +3[1—^^Cl + fl'as)] 

^A-xxx —3(Aa.a;—Aa:). 

The annual premiums would not follow th6 same rule, for 

p_ Ajaie Aa;.rar—3(A:pj.—Ajj) 

l"l“®awi 5 (1 "j" ®as»-.r)— 3 (a.paj— 


while 


Pxxx —3 (Pajj; — Pa;) — 


^xxx SAa-a* , 3Aa; 


+ 


1 + Ct-xxi^ 1 + ^XX 1 + ^x 

(81) .— ^ \tnfl'x'^\nfl'x\y—\mfl’x'^W^y — \n^xy 

— |«®a? "i" U®Jv 
~ nlm—n^'x 4* • 

t 

(82) .—^Dq^" the several ages b‘e w, x, z, tlu*u the interest of (w) 
is equal to 

* {*”wyr//a * 

r 

which may be symbolically ei^nossed (§ [H5]) 

K.(Z3) + i«,,(ZV3Z=‘) + ^««.(Z>‘-2Z2+3Z=‘) +^/«,(Z'>-Z* + Z®-Z3) 
=^««>(Z‘'-iZi+iZ|-iZ3) 

t 

' a (j^wx'^’Oiry + rtyia) 4" ^(j^wxy 4" Oyfyg-^ a^xs^ ~“\^wxyz • 

For two lives (ic), ^ir), we liave 

■“^loa;) ”®w“^®w)a!“^M)(Z®*“aZ*)'t 

lives (w), (j?), (^),* 

(/ 4“ 3 (ffi/),v4* '^1 iry — 2fl!«?a7/) 4" (®to”®M>a?“^wy 4"^M;a’y) 

- ''«■ ' ■ 3 4" 4' \ft-toxy 



couvih vn, vxn.] solittioits. 

For four lives (as above), 

The expression for n lives is thus evidently 

=*ffl,,(z»-|Zi-fiZ*-iZ34--•. db^Z»-i) 

which may be symbolically expre^ed as 

and is equal to 

+ .) 

1 

—'\((lv}xyz'^ .)+. ^ "n . 

If all tUe lives are of the same age (a?), the expression becomes 
n—1 (»—!)(«—2) • («—l)(7i—2)(«—3) 

If 12 

i — (Ixxxxx .00 • 

n 


Chapteb VIII. 


(83).—A capitafuf 1 will produce an income of »^cr annum during 
the continuance^of any status, the value of^wbich is by hypothesis iQ; 
and, at the end of the year in which the status fails, a payment of 
(H-0> present value of which is P(l + i), hence* 

1 = *Q + Pfl + ^, 


and 


P— luiS 
1 +* ■ 


If the status be a single life (a?), we have 

!,=*«»+Aa,(l + i)* 


whence (multiplying by Da) 

Da=s jNa+ (1 + 0^** 


(84).~§ [33]. 
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(86),~ 


— 1—(1 +!»_ j ff a*) 



1 r. 

1 + j»— 


-d. 


t 


JSence, applying the principle set out in § §33], the tables must he 
entered with the value of a Aemporary annuity on the life (ha) for (m— 1) 
years. 


(86).-§ [32]. 



Aa; 


1-A~’ 


hence, by calculating the value of this expression for successive values of 
A^ we have the table require^. 



and 


( 88 ).- 


d _ ■Pa;(l“^Aa*) 

1 - a,-i>,(i-a5 • 

1— idx— (l"l"0Aar 

l-A* _ •697.312 _ 

' a]r+Aa,. “ i7-43i^58 “ ^ 


(89).—§ [24].^ (Chap, xviii, § [52].) 


CHAPTfE IX. 
( 


(!»).-§§ [«]-[9]. 

(91).—It is shown in §§ [21], [22], that the value of an annuity 
upon a life (x), payg,ble m times a year. 


,{ra). 


m—1 


m ^—1 

12«4® 







Oh^ XZ.] 
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the amount of the error is therefore +tV(a‘'«+^) “ ^ 

yearly annuity, and +-r 4 (ftj! + S) ii^the case of a quarterly annuity. 

(92).—§ [g8]. i_ja*‘^== approximately 


3m 


1 / m 


m—\ . , w+l\ 


2m 

= (fl!a:+^) approximately. 

(93) .-§§ [39]-[41]. 

(94) .—^From the result in § [41], wo have 

P.. 


p(2)_ _ 

^*“l-UPa, + e?) 


approximately. 


and the half-yearly premium 


ip 

3-ta? 


(9t>). ^tvxyz .~ . 

If m=oo, this becomes 

Uwxyz (^toxyz .., 


2 l-i(Pa:+C?) 

m—1 m2—1 


+ 


2/n 


approximately. 

12m2 • • • +^)- 


+ + .+S) 

tty\x— Ox — 


— (Px—Oxy) + I 2 • 


(96). 


v\Pxaf+^_ V%Px(Ox+n-fl) 


1 + \rfi'x 1 “b l»®Jf 

Daj+tt* Ni^»+i®.T+M 


approximately. 


^x 


D 


*+« 


Na^i—Jfjp+m 

jyx ~ 

Na,+ » + -iDic+» 
N®_i—Nas+V 


This expression may also bopwritten — — . 




f 
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(97).— 

= («»+l) —®*»i?®(»x+»+i) 




Da? +» ^ar+n ■ 3 

Dat+tt 8 


AL?£± 

W Da: 


Daf+M^ 


N*—Kar+n—■f’D^+re 3 

d; '■ "^s' 


This expression may also be written -- - 

jJx 


Chaptee X. 


(98) .-^§ [12], [16], [17]. 

(99) .—Let i be the effective rate of interest, and let 

i,„=2[(l + 04-l] 

^ I 

be the nominal rates when interest is payable half-yearly, or m tiuios a 
year respectively.! 

Then we have 


whence 


( 1 ) 


1 I J(2) 
■^2 


« 1 «(«•) 

( 2 ) 


1 + 


m 


• * n. 

, y<„i)=:8, ap.d — =0, and we have 

(3), Ais=l —Sfla;. 

Chap, ix, S [13] ; Chap.x, §[7]. ^ 

w-‘t ihe 3 »>iar be divided into m equal intervals ; then, as it is 
b ihat a jjiveiidifc (x) will fail during any of these intervals, 



oaui^ X, zx.] 
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tbe {^resent value, at the commencement of the year o:9death, of the sum 
payable at the instant of death wilj be, upon the average, 

4" -f".*1- V m 4" — 


m 


w[(l4-0«-l]’ 


• • 1—®» i 

Let OT=(Xi, then this expression becomes —r— = « (®). 

4 do 

If the sum be payabl^ at the end of the year of death, the 

present value at the commencement of that year^ will he uniformly v. 

Thus 

Aj,:Aa,=i ^ (®):®; 


or 


— i ft ^ \ 

A*= s (M = (1+ 2 “ 12 


( 101 ).- 

whenc# ■ 

(102).—§ [20]. 


1 — *]«—i®.r4‘ (l4‘®)Aa:»] 
1 4" A^n \, 

■Ami' 5= 1 — • 


CUAPTEB XI. 


(103).—Chap, ix, § [22]. 


— 1 W*—1 , . o. 

«st — fl'j:4- - 2 ^- (M'»+ ) 


12»»2 


If m=<X ), 

• • 

whence, eliminating the element of interest, 


ex or ^x —daf4" n 


1 Ma> 

2 12 ’ 


(104jr-§§ [3], [6], [7]. 


( 106 ).- 


Ax fi-X 


df=af-\- -j- - ^, formula (11,), 


48 


_ / ,1 /*j 4- Sy Aaj fix 

-r "+4 —ie-j+T.iH 

— ■ Y l-4-A a. ___ fix _ • 

4” . 12 ,1G>‘ 
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( 106 ).— 




TV ‘*'a!+t:j(+l:»+t 


, _ ^*+<:»+t:»+t I A*+t:tf+(:i+t t /**+< 

“ D.;~l 8 ~im~J 


=«!''«. + —5 


4^^_ 

8 192 


(107).-§ [11]. 


Chapter XTT. 


( 108 ) .-^§§ [ 8 ]-[ll]. 

(109) .-§ [12]. 

(110) .-§§ [17]-[22]. 

but ; 

therefore if w is dcdueed'^from the equation 

or from the equivalent relation 

4 

the probabilities for the single life («;) will be identical for all values of 
n, with those for tVe joint lives ( ’*). 05*) • 

(111) .—Chap, vi, § [28J; tChap. xii, §§ [26J, [27]. 
tU2).—§§ [49]~[I5]. {J.J.A., XV, 101.) 

(113).-§§ [4e]-[51]. • 



ohAipi xnii] 


SOLUTIONS. 


Chapteu XIII. 

(lW).-§i[3]-[0].-'the single premium may also be approximately 
obtained by the following ^iroccss, in which no assumption is made as t5 
the distribution of deaths. [See also Solution of Ex. 44, p. 64,] 

c/ (fx^y 

approximately 

= —pjcdij.x+i^ approximately. (J.I.A., xv, 12B.) 

*a \ Px-l / 


(115).-^ 


— A — A^ 

-^xif 


The lifsi y must be medically examined, but if y is much older than ar, 
both lives should be examined. 


(11?).- 


— ^xit — ® -.y+n 

_A I W^x-\%y 

— 411 'n^xy T ;;;; J 

2\ " p.v-1 Pa-i / 


(117) .-§§ [14], [15], 

/■I 1 D\ _ . A] _ 

(118) . \t^xy — 1 \ 


Z>(Nj-_i:y_i—— (^x-.y ^x-^t-.y+i) 

\t^ry^ -- 

Mry 

* —UiTar+f—i)—(No* — Na;+<) 

|^Aj,=--S- 

N;/ + #_i^ (J^y + 

\t^y — -=;:*-• 

't'^xy—Jt'^ry —' # A 

Aa;— l/A^j, 

■^Agfj,— If’Axy 
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{119).-§§ [21]-[28]. 

An fq)proximate value for the single premium can also be 
founds as follows [see Solution to Ex. (114)] 


\i^(By-j- lx+ t-^n • •/**+#+» ■ ^ 

9 

= I<A» + /»*+» yT *-'o- 


approximately 




— !<Aaj+ "g •%:»+<-1 #+li?a5-% »+#+l) 

-l<A»+ -jg- 
If #=1 thi^becomes 

**+ w; (.77 •"»■ »+»J ^ 

The value of this a^s^yance may also be found approximatidy by 
substituting another life z, whose expectation of life exceeds tliat of y 
oy t years, then 

AJ.p5j)=Ai approximately. 


(120).—We have 

A^. 7 (i(li):+ A^. 7 fl(f() A..^ 75:7o(ri)* 

If « 76 . 7 o=«w» this becomes ajjproximately 

— ;7bC’") "h -^48:7o(il) -^48: iKli) • 

Then, if Cx—enArX^ ej 5 ,=e 7 o + l, eg^eu + l the expression becomes 
approximately 

^ A4g.j^“p ■A.4g;y •^48:** 

Or we may proceed as in the previous example (119), where it is'- 
shown that * 

—f’*+j •%:»+ 2 ) approximately. 
^i^x \ Px ' 

- - * _ V 

-resent case y=75.70 and ar=48; the above expression there- 

-liies 

A,B;7-S7ro(ii>'=«’^7«+ 2^^ ( ^ 



flitaiu aczn.] 
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which becomes, if ^o: 7 s=«w» 

« 

X , D 49 r^0:«+<*75:48—^:48 „ - - ^1* 

= y^2'48+ of;"- ~i -- “■i^49(<*7O:S0+»78:SO— Ow:58) I* 

^-^L'48L 2*48 J 

A more accurate solution •tnay be obtained by the use of one of the, 
formulas of "approximate summation giver* in Chap. xxiv. [See 
Example (<B65)]. 

The divisor for the annual premium will be either 

(1 + 048; 70 :7b) — 1 + <*48:70 "I" ®48:76 <*48:70:75 » 

in the case where it is payable until the failure of the joint existendF^f 
(48) and the survivor of (70) and (75)*; or 

(1 + <*48:7in76(ll0 — (H" <*48) vr" («49 <*49:79 <*49:70"b <*49:79:78)» 

• -*-'48 ^ 

in the ojse where it is payable until the failure of the joint existence of 
(48) and the survivor of ( 76 ) and (75) and for one year longer if (48) 
live so*iong. * 


(121).—Tlie single premium i'or the benefit required is equal to 


Al , D.-P+m;?/+» 


D 






T^x-^ny-^n 


D V.-*" 

xy 


-2r'»+i.-,. 7",'i 

=i{ l-i{l+«„) + 

21 p.v-\ Py-\ ) 

Tfx L * 1 Px+n-l §^n~\ ■* J , 


all of which values will be found in the Institute Tables. The annual 
premium wofljd be obtained by dividing the^bov§ expression by 


(1 "h |»—l<*a7y) — (14^a:y) — 


Da’+w.^y+w 

Da?«^y 


(l + <*i 


5+«!y+w 


). 
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(GOuiipi. XnZ, ZZT. 


(122).—§[25].** The divisor for the annual premium would be 
(12S£).— A‘i!„=A,-A|,,. 

—Ajj—“ Ajjj "i” 2 . 

(124).—§§ [32], [33]. ^ {J.LA., sv, 119.) 


' Chapi’ee XIV. 

(125).—§ [l^T]. 

Dy+i-}~D j ^+2+ • • • ^^ .r+i;y+i + D a ;4-2:y+2 + 




J) 


xy 


_ (/igDy+l + /a:Dy+2 4- ■ • • ) — (^a :+ lD»+ i + ^a!+2lIy+24' • • •) 

r ^jlly 

__ <^jl)y+i +(<^a>4‘^a!+i)Dy+2+ • • • 

ZarDy 

_ -h^j+i^SauJe J ~b ’ • • _^ 

IxQy ^ lx Hy 

t 

(126) .—§ [11]. \t^X’ 

«. 

(127) . ^x-.uz 

The divisor Cpr the annual premium is = a + ^.:l.) 

— 1 + ^xy "f" ®.ra • 

(128) .—B’s interest is eqxial tq_ 

“ ^ C®ya ““ ®a!y^) + (®y ^xy —%ar "I" 

= (Oy O^xy) \lfiys ^i^arysr) 

~ ^a;|y — 3®a;|ya • 

20).-.- S = A .fl!jjya! + 'a A(flfjr|yj + fl!y|.-eg+ ff«|.Ty) 

"b 't''^C^vz\x "b ®*yls"t" ®**!y) 

_A 2(<Jfa!Hh% + fl2r)— f^xyz 

_A-- 


A= 


5S 


■{■ ®y + “ ® 3 iyjf 
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SOLUTIONS 


(130).—The value for the first n years is equal to' 

'n^y~~^\nfl'3ry > 

and after n J’ears is equal to 

n'flx + w 1 ^//—n \0'xy 

The total value is thu.s 


\n(^xy —— \n^xy • 

The annual premium would he obtained by dividing the above expression 
by (l + |»_iflar/,). 

(131).—Single Premium=—lao ^) 

Divisor for Annual Premiuni=(H-jM_iflrj.jy). 


(132) . fl'y\ri'—f^gt\ 

— ^.T— |/^a'— (^xy \t^y "h \t^xy 
= i\^.v—iVKvi! 4- flff — \fay 

(1 33) .—For the first f yeari^ reckoning from th^ *ud of the year of 
death of (a?), th(‘ value of the annuity is evidently equal to 

Aj.(l + ff/-i) 

After t years the value is equal to 




?»+« hv — ^x+n—t+\ 


s+»-i+A 
lx ' ■ ) 


(ly-\n _^y+M^.r +^n— ^+ iN 

\ ly Irly ) 




D. 


The total value is thus equal to 


Aa-(l-|-«/_li) + -J ~ (ffy+t—^x-.y+t)- 

Another solution may be obtained as follows:—The annuity,for the 
first t years Is payable if (.r) be dead, irrespectiVte of the life (y), and its 
value is equal to 

Ig^ 
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[C9mp, ZZV. 


After t years, the annuity is payable (i) in the event of {x) having died 
not more than i years jireviously, irrespective of the life (y) ; or (ii) in 
the-event of (x) having dio-d more than t years previously, provided (y) 
Iv? living: its value is therefore equal to 

■h-n-) 




a^. 


x\n+i' 


•' J) 

k 

Adding to this the value for the first t years, we have 

This is equal to the value previously detluced, for 

Oti —(l-i)O«jf=Q^O0 --«!r)= A.r=Aar(l + a/::i). 

(134).—The requifed single premiunns equal to 


I) 




(iy\x -/) 

\ 

_/ 1 / \ 

i. — \^x — ^xyi — '■ ‘P.v+t f^x+t-.y+t) • 

<• I-'j'j/ 

The divisor for the annual premium is equal to (1 + 

(185).-§ [18j. ' 

(13f5).-§§ [IfVj, [37J. 

(187).- 

(a) ~ ^ 

(Ij- * ^x~'^xji ^x~~^xy 

_ < ^(ffuT -ff.i-«) i 

. 1 + ? 

m §§'[21]-[35]. 

-§ 24]. 11 is? assumed that the first; p.ayment of‘the annuity 

■ made at the eucl of the year of death of (y), and that there will 
'• 'jiortionate payment at the death of ^x). 

' - -§§l2^>i3S]. 





caiapa.XV, XVI.] 


SOLUTIONS. 


('UAPTKR XV. 


(!«).-§§ [6H11],[«8], [191. 

(142).»—The value of the annuity is evidently equal to 
1 ■ /•” 

1 


This expression maj^ he sninmccl hy one of the formula.s of approximate 
summation in Ciiap. xxiv. 

The annuity is also equal to that of (i) a reverslonarv JMmuity to 
after («) ; (ii) a reversionary annuity to (y) after the last survivor of 

Cj?) and (^) provided (z) fall first, that is 

* 

^ 1 

— 't liy 

— lit) "t ^^>3 it‘ 

The value of may he ohtained by teferenee to §§ 

Li^j. m- 

(i.j.;i).-§§ [12], [13J. 


ClIAi'Tliil XVI. 


(M4).-§§ [aj-Cii], Chap, vii, 
(i4r,).-§ [G].. 

(14a).-§§ [9], [10]. 


^ Nj-. ^_X^.r- f _ {!• 4* 


N. 


From this expres.sion it will be seen that - reptesents the accumulated 

amount, after t years, of tlm value of an annuity (fn a life aged 
allowing for nwrtalihj and intemf. If fleduetioii be made of the 
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J?AET II.—LIFE OONTINOEECIES. 


[Chap. XVZ. 


accumulated amoudi; of the payments made imder the annuity (also 
allowing for mortality and interest) 

_ ^x—t - ^1>1 -l^A’—/ *' 

( , . D* 

the difference is equal to 

Dai—i N*—^—N.in ^x—t Nai 

DZi*"D7 ~d;:^^ D^'Dai""-^" 

(147).—Chap, vii, § [48]. We have 

a? "t“ ^ S ,|.+1 


(▼fl)a-= 


Da 


But 


(148).- 


M^ai—®Nai—1 Nx; Kai+i —8x+i 

V A;(tiNx-,-Nx) + A(t>Sx-Sx+,) 

(,A).=-- 

_ V (ArNx-1 + h^J) — (A-Nx+ASx+ 0 
~ Dx" 

=» ^(va)x-j — (vo)j,. 

= y (va)x—(vrt).,.. 


' P^,„^Nxh-,« . 2I> •I'+ao^Nj. t-ai IN 

Uai'f 4;^~Dx U).v+,« 47"^ Dx U)x.20 4/ 

4Dx+30^Nx+3U ^ 8 D.,. + 40^^a’+4« 


Dx^U 


a-+30 


N 8 D.,._+ 4 o/Nx+ 4 fl j N 

J i)x U)x+ 4 » 4;^. 


== ■ [ITx+'Nx+io + 2N^.r4a) + 4Nx4 3()H“8 Nx+40+-. 

Da, 

+ i(Dx+Da'+io4‘2Dx+2'i:t*4Dx+3« + 8Da;+4o+.)]. 

• If, 2Nx= (Nx + N.,+1U + Nx+20+.) 

and SDx=(Dx+Dar+ioi;Dx+ 2 ()+.)» 

V t 

the above btecumes 


[:SNx+SNx+.a«+2mf+3o+4SNx+4o+. , 

+ l(2D.iH*2Dx+3o+22Daf+3o+4]SDx+»+.)] ■ 

;. -The single»j>veinium is equal to 

M.i- + M.,.+]+ Ma.+24- . . . . \ +Mx+w-j Bx—Bai4« 


Dx 


Dx 
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the annual premium (a) payable for n years 

_ Rj g+w ^ 

* Nar-l—Na;+»_i' 

(jS) Payable throughout life 

■ “’Nx-r"' 


(150).- 


(Nx-1 ~ Nj;+1 j) — aV (S.P “ bx+ 19 —i 9 Nx+19) 

_—g\i(Kx+i —Rx+ a) 

Nj--!"* —Sx+20) ’ 

This may be also expressed as 

_ Nx—a’5(8x+i —^+*2l) j. __ j 

* Nx-i~.j\)(^x—8x-f2o) Nx-1 — 

(151) .-§§ [27]-[37]. 

( 152 ) .-§§[ 39 ]-[ 43 ]. 

(153) .—Equating the benelit#ind payment side, wc Jiave 
Nx+tt+»’{(l+^)Cx+[(l+,;)+(l+j)^](5x+i+ ... .* 

+ [(l+y) + (l+i)H.+(l+y)”](^:r+»-»} 

t 

=ir(Nx_i—N,, h«- 0 [wliere C and JST <jire calculated at the rate 

01 interest ?], 

which becomes 

Nx-+a + ’r((l+V)Mx+(l+y>Mx.H+* . .^(l+i)«Mx+„-i 


=ir(Nx_i-Nx+«-i) ^where a-'h)«= 
whe^c* 


(14»)^*-1 
3 


]■ 


N, 


a!+» 


(Nx-,-Nx+»-i)-t(l+>)Mx+(l+yy‘'Mx+,+..+(l+^^^^ 

(154).—If the dCenominator in the abote expression becomes 

= (Nx-i -Nx+«-i) -((If i) (t>Nx-, -Nx) + (1+ j)K'i’Nx-Nx+,) + ... 
+ (l+2)^(yNx+tt-9—Nx+»-i^ —(l'i*0*»Il(*^^A'+»~i“^*+»)} 






^ €0}ii!l^3raExrGiiis. 

iMrydk'beG(>X]^> afin B}iaplifi(»^& and redaction, 


=BNa>+H-i(«^ + (1 -“N»+»(1+»)«S1 

■S* J^<S+»(14* •)*«} 


arss. 


K 


a>4-n 


_«i_- sa 


«*««+« 


D»+n(l+0*«) 

’Hiis result may^o bedBxpressed in the form-, which is obviously 

C S*'^ 

equal to i^e annual premiom for a deferred annuity when the element o: 
moetaliiy is entirely diminated during the term of n years. 

<155).^§§ [53], [54]. 

(l56).—^If TT be the net annual premium, and 7r(l + A) + c tht 

coiresponding oflSce premium, we have 

i • * 

^4>—1 N#+mi+»_i Da»+m+m + Mi|.+TO— 


V 


Dar 




whence 


[”‘(l+^ij:C](Ba>+i~Ba?+w—W—iMa.+«,) 


Na—i—Naj+flt+tt—i“~(l + lfc)(Jia,+i — Ka’+wt— ‘W— *lMa!+m) 

I 

(157).—Making the lame assumptions as in the previous solution, 
we have 

ISTj].—i'—Na,+^-i—(l-}-A!)(Ra!—R«+i) 

< * 

Mg. N 


flrss 


(158).- 

whence 


1 Ma; , 

5i 






■) 


Ma,- 


Ma, 


,R*”“R«+«““^*Ma!+n) * 


was 


, _^ 

—^a)4. n^-i “ (Ra»”" Rai+n” /tMa!+n) 


\my—{J.LA., ixi, 67.) 
(ieor.-§§ [92], [93], 



«OLUTXOirfl. 


4il«ibZVS,atVIlLl 




(161).-§ [6]. 


(162).-§§ C7H9]- 


Chamie XVII. 


A. 


(163).~§§[16H19]. 5- 


V "" + »M + ®lfe) 

l + ®7 


(164) .-§§ [20]-[22]. ^ . 

(165) .—Let X be the age of the present incumbent, « the annual 
income, k the stipend of the curate-in-charge,/the expenditure at entry, 
and y the age at entry of the new incumbent: then the val^e of the nth 
presentation is equal to 

•m 

Aar(A^>*“M(«—«)%-/}== («—k)( dy+i)-/} approximately. 

• „ . a 

(166) . A®{(« —K)ay--/}[(Ay) + (Ay]rVTAff)^+ • • •] 


CnAPTEE Svill. 

(167) .—-Chap, xvi, §§ [14], [15] ; Chap, xviii, §§ t^*], [5]- 

(168) .—If iTxw] be the net premium paid by the Z® persons, the 

accumulated amount paid (a) by the Z»+» survivor% will, at the end of 
n years, be equal to * 

• • • +(1+0]W» 

9* * * . •. 

and the accumulated amount })aid (j8) by those dying in the^Mseral year% 

win be equal to • * ■ , 

+ (W8-4+*.-i)[(1+0»+(!+»)'*-*+ • • •+(!+»)*] 
+O.+,.-i-W[(i+f>”+<l+0**"+'- • ■ +(i+0]}- 




FASsr cQ^TfiirasKCixEs. 


(CMfh 


^le ^db At^nmd&fcion is tbcus equal to 

' * ■ ■i"^»+»-i)“”(^a?+i"i"^®+s"t’ • • • *t'^i8+M}3 
4-(i + ^ip+i 4* ^i»+a4"‘.. • + ?»+«—i) “■(?ai+2+2j)+3‘4‘ ••• 4'^j?+J»)3 


+ (1 ^*+*“0 ■** (^»+«-i "i" ^»+«)] 

+ {l+Ol!(^+a4‘^»+»-i)"“^®+»] c 
™’>r!B»j{(l+*)^^®4“ (14"*)*~^^®+i4' • • • 4" (l4"*)*^*+M-s4" (14"* )^iB+»-l} 
—<n8ttt{(l4-*)^^*[^*'^’^»+i4' * • . 4-1^ »+«-2 4-l)i‘+M-l]} 

Cte Pg -Ht y®--l — 

(169).—§§ [18], [22]. 


= 1. 


4?+»* 


),Va}> —<,j_lV, 


a'+i 


l4-»®+A / 

^ 14-«®+»A 

r i+«. r 1v 

14- «®+j/ 


“ (170).- 


l4"®a?+M ^ l4"®a;+» 

— ■■ - ■ ' — ■' ^ SSI >,-1 — 

l+aa,+i 1'4'OiB 

, l4"®a? > = < l4-®a>+i 

«» > = < ff®+I ■ 

I, 

As regards adult ages, at which alone policy-values are practically in 
question, thr^value of decreaces as age increases; but at the com¬ 
mencement and end of the mortality table the value of «^+i is frequently 
greater than that c^f as in the Northampton Tabl6 from age 0 to 7, 
in the Carlisle Table frcrni a^ 0 t& 6, and 91 to 94, and ih the Life Table 
in the Text-B&oh from age 0 to 4. 

(171).—§ [17]. }»+»^pJ^^(l4■|»-l^Jf^-M)'4■^^(l4•flfJ^+») 4 'm^^®“^' 

^’Ma, Mj;—M»+« 


(172).- 


Paf—'3P»S| Njj,.-! Nar-1—Na,+»_i 


^ 1. 
■2^ 




D, 


*+» 


Njb-I—N a;+»-l 


_1*7*^®+**— 0 ^ Ma?' ~~Maf4.» 

__ Ma!+A ^ Ma, Na,+«^l_ ^ u /i i ^ \ 

■ ■** « ' iff * "Tv —■“®+w“® ®V-*-4'®®+»y 

e 


=»v*. 
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[DlSU irelatioa may be proved also from tbe followitt|^ ooasldesiticms 
Aa annual payment of Pa^ for »^ears may be regarded as made yp of 
(i) the annual premium Jiu cover the risk of death during the^term 
. =sP»,7;; (ii) the annual premium to secure a sum equal to the value o^ 
the policy at^the end of* the term, if the life be then in existence 
®*»V»Paail5 that is, 

• ^ ^ 


whence 


» 




P®-Ps^ 


■ a;n 


Pa*—Pi»ftl ' 

The formula -r-^ also exhibits the value of a policy, effected on a 

ij 

mill 

life (a?) after n years, as the accumulation, allowing for mortality and 
interest, of the amount pai^ in excess of that required each year for th^ 
actual rick of death. 

(173).-§§ [38]-[44]. 

(17.4).~§§ [49]-[56]. 

(175) —§§ [51], [56]. 

(176) .—§ [69]. We have 

/'A'4 V — + • » ■) — (v^T+n + Apx+n+ ■ * •) 

” * l + «jr i+ ®'‘*aPai+ • • • 


(B) «V'a.= 


a'a.—o*+» __ («Ci>j.- + «°cVai+**.) —(ycj?ai+» + «^c^2j^ji+w+-*.) 


1 + flf« 


l + VCpj; + V^C<‘spa; + 


In the second equStion vc takes the place of v in ^he first equation 
throughout: it & therefore evident that thq^policy-values by Table (B) 
will be equal to those under Table (A) when the rates of interest adopted 
are such that the present value of 1 due a year hencesequals v in the one 
case and ve in the other; that isf the policy-values by Table (B), 
computed at the rate of interest *, will bl equal to the policy-valuts b^ 

Table 4^), computed at the rate of int«resr^--^ 

(177) .»—Prom |§ [45]-[68], and especially from Uables P, G, and S[, 
it will be seen that no conclusion as to the relative policy-valjies at 
different ages*and durations can be arrived al from the fact that the rate 
of mortality in one table is throughout greater than that in another 
table. 

(178) .—§§ [76]-[79]. 
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[0lH9.ZfSB. 


(179) .—§ [81]. The modified formula would be 

{-»«+#) , 

(180) .-§§ [94]-[100]. 

<181).— 

■A4.+rt,m]“^Pa.w+»)(l + ljfet—l®jf+»)—/P»+tt.^'“Pi«.»+ml) (1‘f’lw—l®j+«) 

_ ( 

. Paf+n.wl^Piii.S+inl 

P.+» m 
We have also 

Pg-ftt TO "““ P/.w+atl ^ 1H" _1 + 

Pit+* 1 

1+ l/n— 

— _ l + lw-i ^ j‘+w (1 + |«» — (14 |w-igg+w) 

l4"I»—1®»+» l + lw+w—1®® l + 

l-~Ai g m+to| 1*~-A.t -<-w m| 

, _^___■^+m m]—A* 5i+w 

1—A-r.^t+Mt 1—Aa!.A+»7| 

‘ d 

(182).-§§ [1G8]-[112]. 

The value of the endowment policy after n years, by the 
retrosfeetive method, is'equal to the accumulated net premiums, less 
the accumujated claims* in respipct of premiums returnable at death, 
that is, 

w- ^ -[ir(l + x) + f]-- 

The value by the prospective method will be 

1 r_/i I . \ 1 ^!r-h|i+Bi)4*PjH» ll*+n+m ^1^*4 h+w 

~ 15— 4-LMI+^H^J-»-- 

Na)+a—i”^N®4.ji+)n«i ( 


If the identity of Ihese two expressions be assumed, and the value of v 
^^uced therefrom, it will be found that 

..P®+» +^fe4'e[^®— Ra;4.»+w —St]__ 

N»—1—Na,+i»+ai-i—(1+ft) (B«“”R®+«+iit— (® 4^ 

This hemg the oontHd; expression for v (see Chap, xvi, formula 47) the 
identity of the above exp^ssions^s established. 
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aes ).-§5 [lul-pia]. 

(181).-§§ [19], [122]-[m]. 

(185) —§§ [129]-[1341. 

(186) .—It*would be necessary in tbe first instance to ascertain the^ 
not premium to be valued, Snd to do this some assumption must be made^ 
as to the loading; if we assun^e this to ccmsist of m per-cent upon 
the gross {>remium and a constant of c per-cent, we have the fSUowing 
equation to determine the net prettium 

100M4,= {2-258N4o+1-229(N47+Nm)}~cN«. 

Hence, the net premium after the second seven years will be 
(L“-^4-717-,)=F say. 

and theyalue of the policy, the age of the life being now 69|-, and the 
next annual premium due in‘three months’ time would be 

38jV'4i = AbqJ—(I " 

(l«7).-§§ [11], [15]. 

(1) The premiums must be net, without *expense8, or the 

loading exactly absorbed by expenses. 

(2) The premiums must be payable at the beginning (ff each 

year. 

(3) The rate of interest assumed must be identical with that 

rdhlized. 

(4) The fate of mortality «.ssun|cd must be identical with 

that experienced. 

(5) The claims must all be payable at thisend of the year. 

Assuming that lx policies were efEecj^ n years ago at age a?, the 
•following equation Exhibits the relation stated in the question:— 

^»+n—i[«-lV{e (i+i)+P,(i+i)] 
or, dividing throughout by 

»_iVj(l + *) "b "b 0 , 

which may be written 



^ TT.-^i.X7i ^STiKosstcncs. [coi^, 3^<mz, stzit 

In ^he j^ase vh^e the pmaiums ai« payable at intemle thrcAighoat 
the i^e abore eapressione will be^^modified as follows:—Making the 

nsaal:assttmptaonB that a group of lives entering in the course of the »th 
^eaf prior to the date of valuation at office age (a?), were on the average 
fli the precise age (af—i) at entry, entered oh the average («—i) years 
ago, and completed the average age at the date of valuation, we 

have (assuming yearly payments throughout) the following Expressions 
for the value of the policies a yeir ago and at the present time 
xe^ectivdy, 

=1^- i+^Ti + -rj- 

whence, from the relations, 

1 1 + (1 "I" Oj?+ ») 

and Pa._:j= ( ———• •— d\ 

we can obtain the expression 

at ^0* 

showing the fiesired relation. 


Ohaptbb XIX. 


(188).—We have 


i 

In*#* 


i 


- 1 . 


T^e asBurance r^ired is therefor© an endowment assurance‘■o^n (a?), 
*^payable iiff'*%e (af+«+i) or at previous death. The sum assured is 
©Ipial to 

. 1 

Paf;»+l|"bd* 


Pg!iH:ul 


and the annual premium to 









total outlay is made up o£ the first pfemiom al^ the valued the 
life interest 






1-i 




The life interest provides 


as the annual premium, and 




as interest on the total outlay, the sum of these two expressions making 
up unity, the amount of the annuity. ^ 

The sum assured provides the return of the total outlay, with interest 
thereontfor the last year. 

(189).—§§ [3], [ 10 ]. The value of the life interest, the age of the 
life teftant being (o'), is equal to 

The sum to be assured is equal to ^ 3 - 5 , apd the value of the policy 

JTay+rf ». 

S 9 

after t years is equal to }[l-“(P3fc+<?)(! 4 -«.t+0] 

The value of the life interest at the end of the t jesLj^ is = (s x ojp+#). 

The value of the policy and of tSe life inteilst together is therefore 

= «l^,*a constant value irresgeetive of t, and equal to the 

value of the life interest at the commencement. 

If the value hf the life interest and of the policy, after t years,*be 
computed n|)pn q0oe rate§ of premium throughout, we shall havd 
Market value of the life interest after t years « 


=V 1 _iY 



PART TI.—OOSrriNGKKCISS. 


[OiMpiixkw 


Vi^ltie of tbe po£cy after t years, computed by tbe ** re>aB8UTauoe” or 
“ hypptbeticar* method (Chs^. xviii, §| [38]-[86]) 

• P®+d / I * In 

P*+A Px+«+rf/ 

7he sum of these two valaes being, as before, 

/ 1 • \ 


(100).—We have ' 


i^um assured 




Pj,+«? 




Value of policy after n years 

=S {1 —- (Pj, 4* (1 + «) } 




— 0 »~ 0 a;+M« 

(191).—§ [28]. 

Since the value^of a reversionary life interest of 1 is equal to 

l'_(P^+a)(l+fl,^) 

P*+^^ 

an advance of 1 wi£ represent the value of a life interUt of 

* vUd 

1 — 

The sum assured for areversionafy life interest of 1 is equal to ; 

lra? + rf 


a, F^*4* 

.*. the sum assured for a reversinnary life interest of ,— 7=1 - 1 

e <' i-(Pa,+<?)(l-boxs) 

TheSjost of the annuity pprohased during the joint lives 4s evidently 
‘ P«+d . . 

The total outlay* is auade up of (1) the value given for the 
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xevemonaiy life interestssl; (2) tbe cost of the %imuit3r parohased 
during the joint lives = r—~ \ > (^) preAium 

p 

for the assurance = =— >-r# . -Ci the sum of these values bein^ 

1 —(Pa+rf) (!+«»») 


equal to 


1 -rf 


, the total outlay. 


’-l--(Pa + d)(l+«*!,)’ 

The annuity will provide (d) the premium for the assurance 

P» P 

= - — V--. . -r ; (2) the interest upon the total outlay 

l--(P»+rf)(l+a»tf) 

_ d 

The sum assured will provide the return of the total outlay, with one 
year’s interest thereon, at the end of the year of the failure of the 
life (a;). ' 

Let»thc age of (j?) at the end of the year of death of (y) be 
= (a?+»); the value of the annuity is then equal to 

(Pa +d)ga+ff_* 

1—(Pj-"ijd^)(l-d"<^ay) 

and the value of the policy is then equal to 

1 —(Pj!+ + 

1“" (P»+d) (1+• aa!»)’’ 

the sum of these values being equal to > 

. l-(P^±d)_ 

l-(P;+d)(l+^*i,)’ 

* \ 

an expression independent of w, and which, when put in the form 

of an immediate life interest on {x), t’.ie amount of the life injtprest 
being equal to tha^ involved in the question. {J.LA.^ xiv, 426-7.) 
(ie85'.-§§ [26], [27], ■ ' ' 

(193) ^—The ngt value is «*:»;> or in market yalues, and allowjpg' 

for whole-world and issue premiums, 

m-^n 

O+Ok-S) 


(194).-f§[«H«]- 
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[0li«.x 


Chapteb ' XX. 

(196).—^Tbe value of fehe sick allowance to (age 70 is (§ [5]) 

“"btt »* ■” ’ * ‘ • 

But ar*ss by hypothesip A+Bjrin whence we have 
l7#-<r*»*= jj" (1 ^.p+Bj!+i4* ■ . ■ • +D()9) 

+ (l^jr7»+Dj:.+l£a,+ j+.+B(,95'(,9) 

,-S 

i)® 


N®—N;b I ^ M®—M 70 


=A-V-^^+B 

J^® 


— A[70-®0®+B |7o_® A® 

*» 

(196) .**'We have, by Table (A), 

«®s=»i[«®+»^®«®n + ?«22j)a.«^+2+.j 

and, by Table (B), 

( 

(-1 + »"(! -k) V^«ar+a+.]• 

Comparing the oxf»resfiions within brackets [ J, we see that v, in the 
first formula, is throughout ;eplacbd by ?>(1 —k) in the ^eoml formula; 
therefore the value of siCl—K)^ hy Table (B), where «]* is comj>uted at 
the rate t, is equal', for all values of ar, to the value of a® by Table (A), 

oomjputed at the rate “■? 

(197) .—If at any given age ^ there be rf® deaths, there .will by 

ihypothesigJL 2<f® peraons constantly sick throughout the year; that is, 

.u . 2 X 80Si ‘ ' 

there irill be —^? <f® weeks’ sickness; the cost of which will be at 

rir^l ^ 

10s. per week as -y-‘i®ss52T84D» and the value of the sick allowance 
to age 65 will be =S;62784=6j2T8(t-^) 
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(198).—§§ [l]-[5]. xTvii, 280, 281.) 


(») 


Kjj 

*'=b; 


(fi) |70-a>*a>— 
(y) fio-arI^= 


l),v 


70 


V wtiere Kj,=o®’+i(?af)a,+©*'+*i(7«)a.+i + 


^60 


D., 


(199) .—§ [8]. The formula (for tli^ present value of an allowance c 
1 per week) becomes 

„ . _(K^-K;«) + 52N7o 

—170—r^jJ + TO——--- ■ 

(200) .— (J.I.A., xxvii, 281.) 


Cj[» — 


(Ki-K,’,)+UKVK,^,)+i(K“+-iq,) + lBN,„+ 19 M* 




70 


and the weekly contribution, loaded for expenses, is ”.^^ 52 * 
reserves after n years are equal to 

10M,^+ (K. f i(K-f„-K,“) + 

l^j’+« 

_ej*C-N.r (.«—N^o) 

^w 


Chapter XX1. 

(201) .—§§ [1.3], [44], [lOlJ. 

(202) .-§§ [49J, [.'52]. 

(203) .-§§ [64], [57]-[G0]. 

(204) .-§§ [57j-[59]. 

^ (205).—Gray’s, and Formula^,^ Chap, vi, §§(198), (€22) 

If 11 denote the pn'sent va^ue ef a henofi^of 1 upon a givei 
life or combination of lives, and such that, in the case of awon^binatioi 
of lives fhe risk i# determined by the failure of any dhe of them; snd»i: 
Bi denote tlje present value of a similar benefit on a life or comMnatior 
of lives respectively one year older than those on yvhich B depends; if 

* This Treatise being out of print, and practicaUj inacfiessible to students, th 
solutions to probleuiB (205) and (206) have blen extraSted fn fall 
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jffliip, JBEIt 


m 


jiioreover, jp denote the prob&ldlil^ of a payment of B being received in 
the $rflt year, and ir the probability of; the single life, or of all the lives 
on .which that benefit depends, surviving a year;—^then will the following 
^nation always subsist:— 

' Bsstur^+Bi^. 

e 

For, if the benefit makes its payment at the end of the year in which 
they rei^ctively become due (as is always the case unless it be otherwise 
expressly stated) the value in respect of the first year is obviously vp. 
A^d the value in respect of the years following the first is on-Bi; for Bi 
the value, at the time it is hnttred tipon, of the remaining portion of 

the benefit, v is the probability of its being entered upon, and t>^= 

is the ratio^r in which the value is diminished on account of the time 
that has to elapse before it is realized. Hence, a whole being equal to 
the sum of its parts, 

B=«r(£+]J.). 

< 

In this expression we have, for the benefit A^r, 


or 


w— PcBt , B—A# 

y)=s (1 Bi = 

1 ♦ 

+ Aa,+i)=:t!pa,[(p;'—l)jj-A4 ,+i] . 
ft V. jp» / 

(206).—Gray's Tables dkd jSiormvla,* Chap, vi, §§ (194), (197), 
(198). The benefits to which the demonstration applies and in regard 
to which, consequently, the equally deduced subsists, must fulfil these 
1 j;wo eonditdons: Mnt, ^hat t^e payment in respect of any one year in 
which it may become due shall be always 1. The'fulfilment of this 
condition obviously^j^pecdudes fhe application of the formula to itibirasing 
uor decreadn^ benefits. Secondly, the benefit must be such that in the 
ctM of two or more lives the risk will be determined by the first failure 
that takes place from amongst those Uves.^ The fulfillment of this 
oondilaon excludes from the application of the formula benefits depending 

k> 

* This Tnatise being out of and praetdoallj inaooenible to studeittSi the 
stdotions to problems (SOl^ ant (806) have been extmoted to fnll. 
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<te».xsx.] 


lOj 


upon specified orders of survivorship amongst tbiee or more, live: 
Thirdltf, the benefit Bi, it is stated in the Lemma, must be “similaj” t 
the benefit B. The only^ restriction here implied, beyond that of, it 
being of the*same amount, and subject to like conditions in respect c 
the life or l^ves on whic^i it depends as Bi, is, that its duration sta 
extend to the same period of life;: in other*words, that both benefit 
shall cease at the same ago. It is no matter what that age is*whethe 
the limiting age of the table or%ny less tabular age; the formula wi 
still apply, provided only the age of cossation in respect of both beuefi 
is the same. The formula consequently holds in the case of temporar 
as well as whole-life benefits. Fourthly formula holds also in 
case of deferred benefits. To adapt it to such it is only necessary t 
make ^=s0 for those years in which no payment is made. This reduce 
the formula, in the case of deferred benefits, to B=rirBi. 

The following formulas sliow the apjilication of the Lemma to tl 
case of the benefits most frequently required;— 


Aj,=—1) + A j.+i], 

»|A®— vpx X »..ilAj,.(.i, 

(207) .—§ [69]. 

(208) .—§§ [72]-[81]. 


Tii® j!—(1 Hr Itt- lUx-i i) 

# 

|»Aa?= 1) -j-l^lAjj+i] 


(209).—Chap, xviii, § [17]. «Vj,:i:Aj.+|—ff,B(l-f-fl!a,+„) 


—- n —Wa?) (1H" ®jr+») 




(210).—§ [82§. 

(211) .-J§ [96]-[98]. 

(212) .—|§ [99]-[101J. 

(218 ).—Institute qf Actuaries' Life Tables (Introduction, p 
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(214).—By feh€%rmula 


& table of values of can be computed. We then have 


2 nr 

„ j- ^ .'WiT+i + S 
ttjy-i—Oaf+i+ 2 “ 


Artjy—AOj;— , 

i ^ 

^rom which the continuous construction of the values of lij. can be 
completed. 

A table gf values of A* can be constructed^by the formulas 

Aj;~ 1 

Aaj +1 = 1 —' 804.+1 
^ A A j;^ "“SAOj; • 


(215). 


Aiii=t!j» 

Aa+l .ll=OJ'a'+i 

A.^i. ii=oAyj.= ■—?jA ^4 . 


OuAPTEJi XXII, 


(216).-§ [10], 

(217) .-§ [10]. 

(218) .-§ [22]. 

* (2!|9).—§ [11] • Sundorlan(|>’s Notes on Finite Differences (Chap. 
iii,§3). 

‘ ( 220 ).ii^-(d^ § [ 21 ], •• • ^ iq —^ A^oH" . . . 

Writing for and for «o, we ha,ve 


«»+tt=«* + »A«j.+v-i—^A 2 «a,+ . ., 
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(/3) § [18]. ^ . •. 


Writing Wj. tor uo, and Mj,+» for w», we have 

w(«—1) 

—■**«+«—WWaj+M-l+ j 2 **a!+«-a”“ • • • 

(221) .—§ [18], If second ditfereuces are constant, ; but 

—M—2AM4>+1 + A«a.=0. 

(222) .—We have «a = Nx 

^Ix+a — ^a 

«.t+2a=V B + Aj/.e + A (?/jr + AWj.) 

• =ei^+ 2 At<j,+A%x 
IIA + it =w, + 2Awj,.+ A%a. 

+ A (u,^ 2Aif J, + A%a:) 

— Ux + 8 A«a! + 3 A%J, + A®«a:, 

n(ii — 1 ) 

and evidently «a;i.»w=«a'4 «A«a,H-r^— A^j, 


lO 


Writing now n fin* na, and for n, wo have 
^ a 


A«a + 
n 


'“(t-i) 

it (t \a J 


:(:-*)«-») 


a. _ '-- _ 

^ *13 


A'*«^+ . .. 


it ^ n(n—a) 

= M.r+ Ai/a;+ - 

it j2rt“ 
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FAST ir.—XilFB POKXUrdXSOlSS. 


(aH».xaEB. 


(223).‘~'§ [ 21 ].« Tlie required formula is 

«»(«»— 1 ) 






-A%a, 


-f gC g rl K^ M^ r-S j A^.+to. 

1 § * . 1 ^ 


Then we have, if af=s:l, *»s 5 (d?— 1 ), 




w,ss«i + (df-l)A«i+ ^ A%, 

4. , (a?-l)(ar--2)(a--3)(ar-4.) 

T jg urui-r 

From the values given in the question, we have «i=4, At/]=26 
A^tfisO^i, A^i= 66 , A%i=24; and inserting these values, and reducing, 
tiie above formula becomes . 


»»=4+ (d?—1)^6 + 

+ 


(d-l)(^-2),, . (s-l)(x-2Ks--3) 


w 


. f 

(ar,—1) (a?—2) (d;--3) (d?-^ 4) 


L4 


64+ 
24 


I 


i '66 


={ie*+3fi+a/^+x. 

(224)s.—Chap, xxiii, § [13]. From the formula 
«»+»=«»4-«A«a,+ ^^^^-A%«+ ^^ A'»tfa,+ . . . 




we have, when « = -, 


n\n 4 / 


t 7t ^ 

«*+l—w«+ r A»j,+ 

» w 


-A*«* 


+ 


=e-)S-) 


A%«+ 


=W*+^ Alft + A%a. * 

^ •»8|9 ^ **•+ ’ ■ 
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(225).— (a) From Example (222), patting h we have 

»• n(«—A) 

«*+»!*!«»+ 

• ■ n (n--h)(n^2h) 

^ | 3 A« ^ A • 

Putting now s—0, »=a7, we have 

0 

. ^ A A*« 

^ A«o + “^|r^ ^^0 


(/3) Inserting the values given in the question, 
u -0+ -'+ 14 

l»,-0+ j + 2J, 

• 

s(jff—k)(a!-^2h)„ af(a?—A)(d?—2A)(ar—3A) 

+-^sSr-'- »6+ —.-23jjj- 

-(S'- 

(226).—The common difference of se being =A, 

(a?+»)®=«j.+ »=Wa)+ A^as + Ac. 

«i Am* . nin—h) A*w® 


=«»+ 


+ 


+ • • . 


11 Aar 12 (Afc)® 

• \ 

If Aa:, and therefore fe, be infinitely smaU, the above expressi 
becomes 

_ » dux d^x » 

Ux^n-Ux’¥ + . . . 

*5^; are succes&ve differentia# coefficients of •: 

dx <Mf* • 

*.e., of Ip*. In this ease, 
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l0iHV.Zm 


Substituting these ifhlues, 

«»+»as «*+ 5na* + lOn^a^ + lOn^a^ + 5n*ie +«® 

=s(4?+«)*. 

I (227).—Sunderland’s on Finite Differences, Chap, ir § 0, (2) (/8) 

« A(«jp«ia.)=«aArjj+»jtAKj,+A«a,A»ir. ' 

Kepeating the operation; of A on each tirnn, 

A*(»ajei») = + 2 A«fl.(A fj, + 

4 +A2»4,(«?a>+2A»a, + A^j.). 

if Wa,=«, i>*=log ct, this becomes 

=^®(a?log a*) =iFA®log 07+2 (Alog x +A®Iog x ). 

* « 

^ (228).— Ux— bix + b‘^+ bap (^+ 

Writing now ia=6j + A&i=(l+A)ii 

*8=^1 + 2A&1 + =(1 + A)si, 

&c. &c. &c. 

c 

I#a>^5j0?+(1 +A)iia?®+(1 +A)**6j0?®+ . . , 

=:[;F+(t+A)o:®+(l + A)2o73+.]J, 

~ l^^(l + A) (1 -xy^x^'^' 

=^il—x)-^xA}~Kbi 

= 07{(1 —^)“*+(l—07)“3 o*A+(1--07)”3(o7A)^+. }hi 

_ xbx x^Abi , x^^% 

-+ (r^xy ^ (i^xy ■ ’ 

(229).—^Wo have,^)y successive substitutions, 

+ A«bI. I 

A%»-2 

1 "t" AW)*-.2+ A®J#fl_3 + A%h»3 , 

and ultimately, continuing the same process, 

, . * 

**»—(**»-i+AwM_a+A* m«. 8+A*i#tj_4+.+ A**""^!) + A’*"’^!. 

v^a 

* itj^Ui+£tuisa2Aui by question; 


Let 
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whence 

Similarly 

whence 

and 


A{«t3=M{S=a and tta=s2Aiti=2a. 
^#3=^^3+Al?^•+•A%=2A®tfl by question; 
A%i=A«i=3A«i=3«, 
«3=2 A%i=6«. 


Proceeding thus, we find W4=26», &e. 

The series and the suecesiive orders of differences arc thus as 
follow:— 

u — a, 2a, Qa, 

A = a, 4\a, ^ 

A* = 3a, 16a 

A3 = 13a . . . 


, 726 a 

2 ©« . . . 


From which it will bo seen that 

2^a=:2A'«i,*«j=2A*i^i, «4=2A3«,, 


OUAVTEB XX111. 


(230).—The required exprewsion is (Ohap^. xxii, § [18], formula 3) 
writing itx for a#, and u^+n for ««, 

n(n— 1) 

A»Mj,.= i/.e+„--wajf+»_i+-s— Ux+»-a-~ . 


' * 

whence A*Mi=« 7—606+ ISos—^0*<4+16%—6%+Oi 

=462-1512+ 15K-1120+316-36+1. 

But^*»i, by hypothesis =0; * * 

therefore • 15ic=1690, and k=126. 

The SU41 of the first ten terms of the series ^cau be readily ascertaini 
by the formula (Chap, xxiv, § [17]) 

lOvi + Awi +#—]3— . 


I? 
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vmt foasspstsamcms. 


[tUa^iXMSBU 

t * 

^eooe, insdrtix^ valaes of ui, Awi, Ahti .. dedaoed from the 

giToa^anm, we baTe 

TEiU retolt oojijd also be arrived at by expandini; the series to ten terms 
aiM summing the results: thus * 

r 

* » Ux A«e A^tc^e A*K« A*«x 

11 • 

» 6 

2 6 , 10 . 

« « 15 I 10 

8 21 V 20 5 

35 N 16 1 

4 66 ^ *85^- 6 0 

70 •^21 1 — 

6 126 56 7 -0 

126 28 — 1 

6 g 252 84> 8 0 

J 210 36 1 

462 — 120 0 0 

—- 330 45 1 

8 792 105 10 

495 56 . 

9 1,287 220 

715 

10 2,002 • 

(231).-^ haffe, by Maclaurin’s theorem (Chap, xxii, § [29]), 

‘ T ( 4 ) +. 

Similarly, * %. * 

d\ i2\yrdy 

-j- (&;“*■ • 

(s) “«+. 

Adding these two expre^imns together, the terms involving differential 
coefficients of the odd orders vaxush, and we have 

««+ (£)m+ .=® 

Similarly 

«,+«,= 2 i(*+(iy»^^)*«„+ M ,^+.=» 

(*)’“**+• .=' 
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whieh becomes 


whence 


25 

fl= 2 e« 2 i+ . 

• * 

/^v . 625 

W *'**■'' 192 

, « • 9 


5 = 2 « 8 i+ ^ 


1 

• 

/ rt^V 1 / d\* 

r = 2 W 2 j+ , 

I 

(;J“*‘+r 92 (s)“* 

• 

II 

1 

CO 

CO 

/ 1 • 

1 


3 (c—i) + (a—c) 

U; 

2 ’ 


and inserting these valael in the above formula for e, we obtain 


c- 


Ksai= 


2 


+ 


26(c-i)+3(fl-c) 

256 


the expression given in the question. 

(232).—Sunderland’s JVbtcs on Mnite Differmcett (Chap, ii, §7). 
From the values given in the question, wejhae****** 


98,391 

Mj=98,011 

«6=97,615 


380 

A««=-39G 



-16 


Then from the formula 

^ »(«--l) .. »l(«—1)(«—2) . - - 

we have, making a:=4, »= —4, 

Vg=i/4—4 Au 4+10A^‘~>20A^tf4 

or inserting the^ralue of uq given in the question Sjpd the othillr 
deduced above, 

* • 

100,000*98,391+1,620-160-20A®»4 ; 

*A»«4=-32*46, 


s M 


whence 
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ciSu9« sapxt. 


Ilieii b}r the formubts 

6A«4+10 A%4+ SfOA^Ui = 05, 


A ut9=sA «4+6A®«44-15A2tf4=—662”75 

= - 90-70 


A^UifiS: A®M4 + 6 A®K4 

A®«m>~A®M 4 


= - 12-45 


the valuea of t^io to U\t can be readily deduced in a tabular form, as 
follows:— 


-12*46 


A® 

A 


X 

- 90-70 

- tS62-75 

95,622-00 

10 

-108*15 

- 753-45 

94,059*25 

11 

-115*60 

- 856-60 

9^,205-80 

12 

-128-05 

- 972-20 

93,349*20 

13 


-1,100-2.5 

92,377-00 

14 



91,276-75 

15 


(233) .—§§ [9],^ [12]. Sunderland’s^JVbifes on Finite Differences 
(Chap, ii, 

(234) .—§^T- values at 3, 32,4,4J, 5, 5^, and 0 per-cent be 

represented by Mo> mij •»{> and u^. Then to find w,, (o) two 

values «fi‘a,nd »4 being given, we have 

A«4= '000819 


and 


« W6s=«4-fA4s=-020660. 

\ 


iff) Using four valiws Ms, «*, and i/o, wo must assume A*efc2=0; 

then « V 

Ug—4»8 y 0«4—4«s4'^«=*A%a=0; 


whence 


^ ___ «*4-6«4-t-le—4 j«3_ 


4* 


^ =-0206255 


(y)wUflng six va^es, and assuming A*>!4q=0, 

•«6— Ctf5+16«4—20«^+l 5«2““Ctfj +«o=A%o=0 ; 
«6^ 1 5m 4+15«a-f Wo-“20Ma—( 


whence 


«fi= 


6 


=•029628. 



soi.xrTi03ra, 
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' 1 faip<'XaEDQt.l 

(285)*-^Let the terms given be »4, «5; T«ftdred %. As th^e 
sre four given terms, -we must assume A%a,s=0; 

.then A'*mo=i^^4w 3+6%—4wx+«o=0» 

also A%i=« 5 —4w4-|-6m 3—4tf24-Wi=0. 


To eMminate v>x , multiply the *last equation' by 4, and add ,^he result 
•to the first expression. Then 


whence 


W3= 


4w5-'15w 4+20?43—40«2-liWo=0; 
15«4 + 10?42—4%—Wo j 


20 


:1’7242759. 


(236).—We have 

=55; Aws =71 ; 

A*Ms= 62 ; A%a=B0; A^Mr,=6. 

Then Ms =M5— 6 A®i«n— 10 A®Ws+15A%{ 

= 4 

Wi3=Ws+7Aw.:i+21 A% 4- SSA^Ws + 35A%s 

=3,114. 

These values may be readily proved by extending the serie» from 
to Wi 2 , applying the given diilbrenecs, ihus:— 


6 hix 

A%a! 

LHt 

tMx 

«x 

tlLf 

6 , 

12 

H 

5 

4 

2 

6 

18 

20 

13 

9 

3 

6 

24 

38 

33 

2 & 

4 

6 

30 


71 

56 

5 

6 

36 

92 

ik 

126 

6 

6 

42' 

128 

2^6 

26P 

7 

6 

48 

170 

353 

484 

8 


54 

218 

523 

837 

9 



272 

74f 

1,3«0 

10 




1,013 

2,X0JL 

*11 





*3,144 

12 
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OOll^XNOSirCIl&B. 


(€Inp> EXUL 


Ai an exercis^ iihe stadeni may apply Lagrunge's tiieoittni, 
§§ aacertaiii the desired v|.lueB. We have 

'?=2 


»e= 55 

a =5 

«t =126 

5=6 

if 7 = 259 * 

11 

tf(i =484 

t 

ii 

ai =837 

5=9 


Thdbi, by formula ( 3 ), 

(i:|)(ra(r«K=Z). 65+(--?ie5)(rqKz!).i26 

+ . 259^ .^84 


2 . 1 (-l)(- 2 ) 
(~ 8 )(- 4 )( 2 r 5 )(- 6 ) 


3 . 2 . 1 (- 1 ) 


« 37 . 


' 4 . 3 . 2.1 

=( 51 ^ 35 ) - (126 X 105 ) + (259 x 126 ) - (484 x 70 ) + (837 x 15 ) 
= 47 , 114 - 47 , 110 = 4 . 

In a similar manner, puttini' jr= 12 , the value of »is may be 
ascertained. 


( 237 ).—^Prom the values given in the question, we b^ve 

A«s 35='0018441 
A®tt236— ‘0000002. 


«» 6 = 2 - 3710(^9 

t 

A*Mj85—*“ *^^SCKX}78 

> 


* 'GSf'BS—11 

Then ^ *^.e 8 =*=«w+' 63 AljB 6 H-^-A“«/ 8 S 4 

. • 63063 - 1 ) 063 - 2 ) ,, 

•f —^- - A>«»|i 

• • 

—^bsH" *658^tij86*“*117A%as5+ ’053 A*<Isb8 


8 * 3722806 . 





sot^Tioms. 


m 


(288^.—Ij6Ti 

A 43 J^* J^4 

0^0.= th— 18’4708 - ’’ 

,/ - *6564 

at£s=i Ml =S517‘8r44 ^ — *0510 - 

-- -7074 — '0(fe4 

A*, = Ma = 17*1670 — *0564 — *0022 

- *7638 - *0076 

«38 ss= = 16*3432 — *0640 

0 - *8278 

»37 = M* = 15*5154 


Then 


9 9.5 

A30=MaJ=Mo+ - AMo+ 


^ 6*64 


r.5.1(-3) 

24-256 


A%o 


q 4^ 1 s 

= 18*4708- H (-6564)- g (*0510)- ~<*0054) 


4 
45 

2048 




(•0022) 


=16*9216. 

(2^9).—(a) §§ [15]-[25]. (jS) ^smjiiTig fifth differences to he 
constant, the series of values from «*+! to «a!+io can readily be obtained 
by algebraic addition of the successive differences. 

(240).—^By the terms of the question, we have 

AMa,= (8«<a,4'S«a>+i "t" . . . +8Mij^M_i) 

=8 m* + (S»* 4- 8%*) + (8 m* + S^M* +, 8%* 4.1) 

+ • • • 4" (8m*4‘8®m*+8^*4.i-}“ , , . 4*8*m*+^— s). 

But by hypothesis*8%*+^=g'*8%*, .*. we have 

A«»=wSm*4-S2m*[14-(1 + ?)4-(^+2’+2®)+ • • • 

+ (l + 2+yi®+ ■ • 

ffhl^ a . 

=«8m*4* 




whence, 


(?-!)« 
Auai—nSux 


_ 8*m* 


(^„1)_«(^_1). (^^i)»- 


(241),—We h^re 


ms=15*863 
1 ( 7 ;=:^ 14*941 
«%= 14*^05 
M9=18*348 
«i«912*648 


A>^= *088 
A%«=—*012 
•a^= "*005 



tAVS u,—unm ooxnpzxraiE^cxss. 


where i»» 3 = the imniiity-valiie at r perocent. Then the valae at 4'd28 
pezMjent ss^ggs, and 

• , 2 666X1-656^, 

Vg^asMg4‘2*666Atf64’-jrt-dkH<e 

. -2*660 X 1*666 X *666 ,, 2**666 x 1*666x *666x (-*§44) ,, 

-j. ---A*M8+- -z - ' A-«6 

1 ? 

s!6ttj+2*866A%+2*19|A-Wfi4' ’4vS09A*»fi—•0414A-«6 
=:18-6978. 


Applying the method of central differences, §§ [26]-[32], we have 
the followin^alnes:— 

« 

u A AS • A** A- 


<7o=*005 


» 

A 

AS 

• AS 

16*868 

14*941 

«o=14*106 

13*343 

-•922 

-*836 

« 

0+12= —*762 

-•695 

+ •086 
j5L: + *074 
+ *067 

0 8 

• • 

1 i 
li 
+ 


and by formula (10), 


Ua>±:^+sea+x + -“ 12 —-- 


^ (tf+l)fl?(d?-l)(ar-2) j 

T-rj-1-»0» 


or, inserting the valfi^ 


V 

flrar(=s:‘056) and^of 


the successive differences. 


«.866^14*106- (*656 X *762) -1 —^ — (074) , 

SB 

r • ♦ 

^ 1*6C6 X *656 X *344 , . 1*666 X *656 x *344 x 1*844 , 

^ ^-6--24“S- 

whence* 

tf4ge=13*69732. 

f 

(a®).—§s C89]-[I8]. 

(248).—tl0H4i]. 
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*TTiH TTnT tTTT i 


(244).—Since 

/i«= — 

% 

we have 0«.a,+S)= — 


i-4* 

4 <* 


and 8: 


1 <^ _ 

•- -•y • »* 

O® <M? 


ifasC® C^iV 


(4»®) 


i- i n 


But by § [47], formula (25) 


dv, 

da 


- =i(war+i—Wic-i) apujoxfnately 


jj^i 


da 


'D®=i(Dar+i—D®_i) approximately, 


•and • (/*®+^) = “ 


Cha^tee XXIV. 

(245).—Wo have, by the definition of a ditferentiaTcoefficient, 

• . . . • 

when 1 is infinitely small. 


d !• ’J. £ 

■ - Ux =hmit of-;- 

da k 


Similarly, 

d 
da 

d 


^x+h * — 






da 


— J> 




h —W®+3ft g 

•* * I 


99 


99 


d _• «*»+»—«*+»-* 

. 99 99 T • 


ji» 


99 


91 


Wr ^ 

The^sum of the right-hand terms is clearly — ;'1bll8!hs&jre 

we have 


/ 


i*t^» g •■■ 


da 


Vjfi I da^s^Ug, 








'119 Xf.—Mfs c^Nmxr9x4€!i:is< 

§ 7 

that ia, the integrallbii Is eqtiivalfflit to the sum of aa infinite nun^r of 
infini;^]^ tOxms. 

(^.-.§§ [3], [6]. . , 

,(247).—Since Mj,+»ssf(l+A)*^a. (Chap, ixiif § [20]^ 

aild S»*+»=A"*tfar+» (Chap, xxiir, § [2]) 

2«*+ »JS5 A- ‘(1+A)»»» • 

!Eb:pai3dmg (l-fA)*, w^have 

3«*+«=A-%a;|\^«A+^~-^ A2-f.J 

=A“‘%jb+»A.A~%j,4* A®.A~*»*+.• 

If 

«( . . «(w—1) . 

=5w«4’W«»+-Ijr-.■ 

If 

and 

«. n «(»—!) ^ 

Aux-\- . 

(248).—Macdonald’s Calculus of Mnife Differences {Trans. Act. 
8oe. page 12. 

We have 

Wi=lco+l<% + l® 2 + I 03 + 1^4+. 

Wg=slco+2li*f-4oa"t 8<?8”l“lt^04+. 

M3“lcij+8ci4"»los+27o3-4"81o4‘t'. 

f . 

»^s=ltfo-fe«(j,4V*^a4' n^Ca+n*e4+ . 

Summing perpendicvdarm we have 

«.S»»«=S»(a!“)<fo+S»(5*)<?i+®»(^)^a+S*(af»)o3+S»(af*)e4+.” 

^ d 

and inserting tte values of S»(;^), S»(df*), &c. 

■ C.+ «-("tlK2«±A ) ^ ^ 

, ?i®(wd“l)t? 1 w(fi-hl)(2ft»l-l)(3»®+3fl|f--l) j 

+ -- C4+ .. . 

^249).—f C20]. . Sunderland’s JNbtes on Mnite Differences^ Exercise 

(22). 
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(250).--From the formula deduced ia the solutioi^to £x. (24i8) 

8.«,=^+ ,^+ 

vre have, giving to n th^uccessive values, 5,10,15, and 20, 

^ Ss Sco*!" 15/7 i+ *65c24’ 225^8^ 1,365 

lOcg't' 55<7^■^■ SSScgH" 3,'025 c3sss 5,155 
S,5«i=16co+ 120c, + *240ca+14,400^8= 13,370 
Ssgi^—20cg-t* 210c, •+• 2,870 c 3 4" 4^100cg=28,G35 

from which four equations the vali||| of the four unknown quantifies, 
Co, c,, C 2 , Cs, can be deduced by successive subtraction: thus 

5co+15ci+ 56 c2+ 225c3= 1,365 

5c(j+40cj'^ SSOca'f’ 2,800c35ss 3,790 

5oo+65ci+ 856 c2+11,375c3= 8,215 

5co+90c, + 1,630 c2+29,700c3=16,265 
- _3| - si^ — 

25ci+ 275 c2+ 2,575cs= 2,425 
• • 

25c, + 52oC2~\~ 8,675c3~ 4,425 

25ci+ 775ca+18,325c3= 7,050* 


250c3+ 6,000c8= 2,000 

250ca+ 9,750 c3= 2,625 


3,750c3= 625 


whence 





5 

C3 = 

30 

• 

120 

C^ — 

30 


1,075 

c,=; 

. 3(J 


3,420 

Co= 

30 


Us'. 


5®a+120jp®+l 


h 1,01^+3*420 
30 


Macd^haH's Oalculuis of Mnite 2)^erenoes (,^zample xiii). 
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PASS XI.-—iiiiTB ooxrxicvaxfcxss. 


cciMiham. 




and 


*. logflgm^ f 

«/ 0 

Kry?"** 


where <css:«^, and is obviously =/i), the arbitrary value 
ealled the radix, of the mortality table. If, as in 
Makeham’Jttprmula, is in the form A-f Be", then 


, B 

= log. c log. e 


■O 

which, since ^ and are constants, is in thg forn^ 
Za,=Ars®(y)‘^. 

See Chap, vf, § [15]. 

dx is constant for all ages, fix is known to be equal 
to ^ = £«, but the expression given in the question 

•X 

14 Wa, 

would ii^this case become ^ ; hence it is clear that 

the eoeificients, either in the numerator or denominator, 
are in error. The correct expression is 


fix 


_7 (dx—i + dj.) — (djB-a-f 

iiix 


(252).-§§ [21]-[26]. 

'(268^.—§ [82]. may 1|e written symbolically as (see 

§ [2])i and A“*»a,s=[fl+A)—l]f"^ia,= (e«to--l)-i«^. 

Th^ifiTession in brackets may obviously be expanded in a ^ries of 

terms involving the powers of the symbol ~, which, when combined 

dso^ 

with the symbol of %uautit^««) become the sili^essive differential 
ooafScients of 
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Ass«me that, for valu^ of ~, 

,■7 1-1 iwSC 


■then 

and 


%(J-l)-.*if^)-+B+c(^) +*0(0+.•^. ® 

«,-1-i)-.=_aQ-Ub-c(A)+d(0- .. .^ 

d d* • //7\2 / d\* 

(eS_l)-.+(,-E_l,-.=B+Dm -|SF(£j +.(ii) 

involving only the constant B, and ^en|^wers of 


£ __d <* » <* f* 

But (d<to—l)~* + (e —l)~*=(ddK—l)~*+e(te(l—-e^)~’ 

d d 4 

= (edse—1) “1(1 — edi^ 

¥• 

ji 

erfi—1 

hence, in the series (ii), B=-t| 1, and the coeflfteientR of the remaining 
terms (D, F, Ac.) all =0. * ^ 

(254) .~§ [39]. 

(255) .—(o) Formula (24), § [34] . 

(j81 Formula (25), § [36]. 

(■y) Formula (26), § [37]» 

(256) .—§ [40J. 

(267).—§§ [42]-[55]. J.l.A.y xxiv, 96. Owing to the simplicity of 
the coefScienti in formulas (33) and<(36),4hey can be readily applied to 
numerical eaJbulation, and will generally be #ound to give accurate 
resoHiB. a • 

4|(258).—Chap, ix, § [19]. 

(269).—Chap, ix, §§ [21], [22], [26| 

(260).—Chap! xii, §§ [58], [61], [6^. 

(leii—Chap, xiu, §§ [61H58]. * 

(262^—Chap#xiv, § [41], formula (27). 

(2«B).~«hap. xv» § £11]. 

(264) ,—bhiq>. ifftM C^^]. [25]. 

(265) .—We haTO 

* - -’W 



tfSM i4 1lb6 o <i[^> M |(( PIWII||p|li Mmiiity k 

Tftltje# ci the eOAHity, end el single prest^am for i^ie 

eomspcntdliiig Miepllfoe, ehti^tafd in one operation bj t||e nse of 
(rae el lonaat^ ol epp^ximate stonmation g^ren in Chap. xxiv. 
Hie dKvkor lee llie pramintn (pl|f|ible ua^l the expiration of 

risk) niii^ be dedtHed from the abore ooniiiiuons annuity by tiie loraattk 

rpi+ 5+. 


A 


_'I 


7 






eiSL ti^irMeiiiXfaikefn. 


f. 












